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A KEY 



TO 



THE LAST NEW-YORK EDITION 



OP 



BONNVCASTIiE'S AliOEBRA. 



Pmctical Examplegfar computing the numeral values ^va- 
rious Algebraic ExprewuMs, or combinaiions of letterM. 

RR^urRED Ote nuoneral Tallies of the following' quanti- 
ties : suppostrng tf=6, &=&j c=4, ii=l, and c=0, 

1. 2a«+36c— 5d=72-|-60-- 5=127. , 

2. 6o2 6— 1 0«ft«+2^t=aO0— 1 600+0=— 600. 

3. 7a«+i—cX<f+c=252+5—4-f 0=253. 

4. 5V«H-^^— 2o6— «'=5V30+25— 60-0=-7.61387l. 

6. 2i/c+2^(2a+&— (0=6+2v^l6=14. 

7. «v/(a«+ft«)+3ftcv/(a« — &«) = 6 -v/61 + 60^/11 = 
245.8589862. 

8. 3a2J+3/(c2+^/[2«c+c«)]=540+V(16+ \/64) = 
540+ V( i6+8)=640+V 24=542.884499 1. 

9 ^^-f-c \/5ft+V<H-d_ 10+4 x/25+3v^4+l 
3a— c 2a+c '^18—4 16 '^ 

14 S+6+l_ . la 3 2_ 

14'" 16 "" 16"^ 4'~4* 



ADDITION. 



EXAMPLES rOR FRACTICB- 



fix. 1. i(i+¥> 



a 



Ex. 2. 5a:— 3a+^ +"5^ 
— 3a:— 4a+26 — 9 

2a:— 7a+36— 2 



fix. 3. 2a-f 35— 4c-^ 9 I Ex. 4. 3a+26— 5 



6a— 36+2C— 10 



7a 



— 2c— 19^ 



a-|-36 — c 
lOa+76— 3c— 2 



• fix. 5. a?'-J-««*+6aP+2 
a:»+car* +<**—! 

2-p34.(a+c>r2 +(6+(l>t+l 

■ III . ■■■■ i^^^P!— >^»l ' I — iw^i^ 

'fix. «. J^^y^l^** I Ex* 7. 4a«+3a:*^13<} 



3ay — 4ar'* 

-•2|cy+ 4*' 
*-3a:y+ 4x^ 



>^' I M i ■ 



4a:y — . 8x' 



3ax+5«'+fi** 
7a:y— 4x^+90 

— 6««+ a:*+40 



7aa:+8ar2+7a:y 



Ex. 8. Sa'^— 3a5+?B'— 3a« 
*-2a2+ a^^Sft'^— 5c» 
100 + 5afe-^2&3-j-4c* 
ICa^+SOafe— 5c -^-80 

IStt'^+SSaM-SS^+aS— c»+20-^e 



1 



3 



60* X ^ d 

■ < ■ I II ■ 

lEi%. 10. 45c-f.3a2— ^+10 

C6c— 5a24- 2e«— 15 

— 9eic— 4a» — lOc'* +21 

6c— 6a»— 9e»+16 



^UnTRACTION. 



Ex. 1. 



£XAMPLS1 FOK PAACTICfi. 



+6 



Ex. X. 3e— 3a— ft+7 
4x+a— 36-1-8 



— 3a4-26--l 



i*— * 



Ex. 3. 3a-|- 6+ c— 2c2 
—8 4- 6— 5c+2d 

8 -(-3a+9c— 4rf 

Ex- 5. aOflor-*. S-v/ay+Sa 
4a«+ 5>/a? — A 

16aa:— 10v/a?-(-4» 



Ex. 4. 



19a?2— 2crar+ 95« 
«ar*+5ax+106» 



Ex. t?. 5o6-t-262— c4-6c— 6 



.•F- 



7aH- ^ 



2. 



Ex. 7. a«» — hx^-^cm^ d 
+60?' -l-^* — ** 



a««~<2^4r* -(-(c-h;]^^^ 



Ex. 8. — fitf+lS*— 4&— 12c I Ex. 9. 6a?«y— 3^/a:y— 6tfjr 
— 9tf-|- 4ar+46— 6c | 3«»y+3^fl5y— 4ay 



3a+ 9a; — 86 — 7c 



3aj.* y-^-s/ jpy — ^2ay 



Ex. 10. 4ar— 160+ 4a?t and 2fla:— 80+7x« 
3«a:+6jj«+104 ^^^^70+7^ 

Then, 5aa?.^-60+5a?«+2a?f -6flW?-120+3a:*+6ar«+4aV 
— 6aar-120+6x2+3j:'*+4<i«x2 : 



MULTIPLICATION. 

C^K III. 

^A«» boih the/actors are compound quantUie^n 

EXAMPLES FOR PRACTICE. 



Ex. 1. Jr8— ary+y» 



x^ — x^y^xy^ 

+x^y^xy^+y^ . 

^8 * * +y8 

Ex. 2. a:3+a?8y+ary»+y3 

«— y 

x*"\'X ' y+«* y* +«y • 
— — x^y— *g^y*— — jcy* ' y * 



X* * ♦ ♦ — y* 



"•^»i" 



Ex. S. *'+«y+y' 



— X 5 y— a: ' y *-— ay * 

+a?« y» -^-«y '+y* 






+ar'y» * +y* 



■^ . I ^ 



4« 3a?* — 2a?y+5 
J?2+2«y— 3 

+6a:3|^af«y«4-10ay 



Ex. 5, 2a^^2ax+4x^ 



ICa*— 15a3a:+20a«a?'* 

— 12a3a:4l8a»a?«— 24aa?« 

— 4a»a?« I 6 <N» a » to * 

10a*^y7a^x+34(a^x^^Ui^9^Sx* 



. «. 6a?3+4ajr«+3a2ar+a» 

10*5+ Sax*+ 6a^x^+2a^x^ 

— ISoa:*— 12a«j:3— 9a'a:«— 3a*« 

+ 6aa»3+4<»'^*+3a*x+«|» 

10a?«— . 700?*— a^a?^— 3a3x«4- «• 



T* I I I ■' 



Ex. 7. 3x»+5a?«y«4-3y» 






Ex. $* 4?'— tf««+5a;— c 
0?* — dx-\-e 



0?* — fla?*+6ap' — ex* 

— dx * 4-a<f a; ' — rf6a? ' +<^^ 



x^^a+^d)x^+{H'(*d+e)x^-iG+da+ae}x^+ 
Ex. 9. Iftt M altiply the factors I. and II. 

Next multiply the facton III. aod IV. 
a— ft 



a»-.2a«6+2aft«— 6» 



It now reraaios to multiply the first product I. II. by ^% 
second product ni. IT. 

a»+2tf«H-2a*&»+a36» ' 
— 2«5ft— 4a*&2-^a363^25«6* 

+2a*b^+4a^h^+4a^b*+2ab^ 

IV 

2d. Change the order of the question, that is, multiply 
the fitctors h and III., then II. and IV. together. 
«+* Then, a^+db+b^ 

a — h ..a«-^H-&* 



— dy— ft« -^a^b—aH^'^'ab^ 

^a^b^+ab^+b* 

«« — 6« 



a* +tf«&2 +6* 



Then multiply the products I. III. and II. IV. 



■ — - 

«• — &• which is the product. 

3d. Again, multiply the I. factor by the IV., and next, 
the II. by the III. 

a^^ah+b^ next, a^+ab+b^ 



a3— aan-aft^ a^+a^b+ab^ 



>3 



+63 a3 .— 6» 



ft 

it temaiD$ to multiply the product !• tV. Imd H. lljt. h 






mtt .III I, 



({« « ^^8 as in the fereg;oiiig^ cases. 

h^ill DOW be proper to illustrate this exampU by a nu- 
merical application. 

Suppose W3t3, and ftt=s2. We sball hare a4-^^^» »»* 
tf— &=!: further, «2=:9, *&=«, and *«£=4. Therefore, 
a2+aH-62=19, and a^-^ub+b^^l. So thatthc product 
required is that of 6X 19X1X7=665. 

Now, a* =729, and (*s=64 ; consequently tlift product is 
a* — 5^=:6€&Y as ve have already seen.. 

Ex. 10. d^+2a^x+2Ml*+x* 
a^^2a^x+3ax^ x* 

a^+2a'^x+3a*x^+a^x^ 

— 2a«a?— 9<i*a:«— 9a3a;3_3^%jpt 

+3a*x^+9a^x^+^a^£'^-i'2ax^ 



f* ♦ — 3<i*a?* * +3fl«4r< ♦ -^x 



Ex. 11. a^J^^a^c^+c^ 



ff 






+a» H-*« +ic* — a62— «ft&-*»^ 

a^'c+b^ c+c 3 — «6c— «c2 — 6<^ 



[3 ♦ -j-js * — 2aho+c^ 



DIVISION. 



CASE I. 



JThen the dwiwr and dividend are both ntnple quantUien. 

Ex. 1- 16a:« -^8a:, or -qJ-^=«* ? ^^^ ;^-j-.~=— ^. 
Eat. 2. '-\Bay^rr2ay,OT'—^='-by;9J[id—^^^ 



a'x =— 5^ a; . 

Ex. 4. iaa« 6« -r — 3a« 6, or 3575-="^* » *°^ '^ 

ISfljT -r — 3ajf\ or + ^=5y» = 5y . 

Ex. 5. -15a«a:«-^5(*rSor--j5j5-=— 3«? ud - 

Toe'*"* 
B 



10 



Ex. fl. — 17a?^«'c-i — 5x^a^c^,or~-^=^ . - . - w 



I'tx^ac^'^ llx^ac^ 



; and24^ary-r8x/a?y,or3-^ - - 






CASE II. 



ITAen the dwUor u a simple quanUtyi and the dmdend a 

compound one, 

fix. 1. Here- — -^ ^ =««+2a:+a— -5. 

Ex. 2. Here ' — ^tt =c+4a?— 3«. 

Ex. 3# Here ' r =— 40a'ft*.-6aflf* 



+17. 

Ex. 4. Here ^ , ^ =:3a&->a»ga4-^. 

Ex. 5. He«?22£!±15^±i5fd^=4«»+3xt+ 

Ex. 6. He«,5*?^±i^:^5:^'=3«l+2d'-te. 

Ex.7. Hcrelif!=^?y:Blf!5=^=2«-H?«-4. 

7a 

1:1 « w — 20a6+60ai»— 12a'ft« , .-r, , « r 

Ex. 8. Here— -^ — 7-7 =5— ldft'+3ff&. 

— 4a6 
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CASE ixr. 



JFhen the tUvitor and dvaidtnd are b<4h OMipomd qwmHHee. 



X 
X- 



*« 



a 









x^ x^ 



SXAMPLKS FOR PRACTICS. 



Ex. 1. a — ap)a' — 24UC'^-x^(a — x 



«• — ax 



.— ax+x* 
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Ex. 2. ar—a)x»—3aa:«+3«'*— «•(*'— *^+** 






a* a: — a* 
a' a? — fl* 

Ex. 3. •+x)tf«+5a«ar+5aa:«+ar8(aM-4»+»» 

4ii*«+5«P» 

oar* 4"** 
Ex. 4. ih-8)ty*— lSy«+26y-16(2l^^— 3y+* 

— 3y»+26y 

— 3y8+24y 

2y— 16 
2y— 16 

.••"""^^^^ 
Ex. 6. »+l)x»+lfx*— «»+««--«+l 



— X* — x^ 



x^+l 



— x» 



'+1 



x+1 
x+1 



.13 



X* — a:* 



X*— 1 



jp3 ^jj* 






J?— 1 

x— 1 



Ex. 6. 

2x— 3a)48x 3 — 76tfa:a — 64a« jp+ 105/i » (24x' — ^ojp— 36tf * 
48x3— 72flrx2 



— te4«x*— p64a*x 
— 4flx«+ 6tf«x 



— 70a'x+105a» 
— 70a«i+i06«3 



Kx. 7. 2x«+3x— l)4x*— 9x«+«x— .l(2x«— 3x+l 

4x*+6x*— 2x« 

— 6x'— 7x24-6x 
3_9a.a^-3a: 



I »^- 



2x«+3x— 1 



HW 



»s 



14 









Ex. 9. 3ap-d6)i6a;«^96 (Sx^+4x^+Bx+t$ 

6a:*— 12a:3 



12a: 3—96 
12x3— 24a:* 



24ar*— 96 
24a:«— 48a: 



48a:— 96 
48a:— 96 






fl*a?»+a:« 
a»a:«+«*«' 



jSj-s — ax* 



*v< 



fl«*4-a:* 



a 



Ex. 10..» .f«+3)32jp«+243(16a:*— 24j:»+36ar«— .54x+fl 

— 48x*+243 
— 48a?V--72y' 

72a? 3+243 
72x34-108a?» 



— 108:c«+243 
— 108a:»— 162a? 



162«+243 
162a?4-243 



D. a?— a)ar«— «• (a?«+aa?*+a»a?'+a'a?«+fl«a?+«* 



oo?' 



fl'a;*" 



a't?*:^-^'^?^ 



a8j.8 — a*x* 



a^x'^a? 



tf*a?«— «• 



5«^ a6 



a 



16 



2v* 






&ay» — 3^« 



MMa 



oy*— y* 

•^2y* ramahider^ 






--Safts— Safe 3 

* I ■ I 



4-165>+S4ft« 

•imrm, I I I, imi 



17 

(ft ■■ff)r4-/?a — a* 



— ^4"*' +9 
pa* 

&c* &c. 






(a* — «/'+9)^ 

(a* — «/-f'9)a^--<•((»*---«p+^) 



Ex. 13. 

1 — ^t«+ X* 
► i— 30?+ 9x*— 10ar» 

3a?*— 7x»4.5x* 
3a:*— 6a:»4"3«* 

— ^x*+2a:* — x' 



18 



Ex. 14. fl»— 2a6+25«)a*+46*(fl«+2«H'2fr' 






Ex. 15. 



I II! - il I 

3a*ar» 






3a»a:» — 6a«x3-j-3aar* 









■«■ 



»V2— 8««*«— «6V2 
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ALGEBRAIC FRACTIONS. 

CASJE I. 

To find tht greateH common measurt of the term4 <^ a 

fraction. 



Divide by <»', then a:—a)a;»—^ •(«*+*»+«• 






I « 



a' a? — fl' 



Therefore jp— 'O is the greatest common measure sought. 
Ex. 5, Herefl'— tf'o:— <M:^+a:3)fl*— 0?* ... (a 



c»— a;* 



Dividing the remainder by x 

a*-(-fl*ar — ax^ — x*)a^ — a^x — «ar'+**(l 

a^'\-a^x — or'— ^* 



Divide by 2a?; — fl'+a** )«'+«* a: — oo:*— «'( 



Divide by x ; tf '-^^ )-^««+a;« (—1 



Therefore a~ — o;^ is the greatest common measure 
sought. 
It firequently happens that the common measure of 
quantities of this kind is better found by resolving both 
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numerator and denominator into their coft^tonent factors, 
in which it will be useful to remember that the difference 
of any two e^en powers is divisible both by the difference 
and sum of their roots ; and that the difference ef two odd 
powers is diFisible by the difference of their roots, and their 
sum by the sum of their roots : thu^, in the last example, 



where it is obvious that a^ — x^ is a common measure of 
both terms; and diyidiog'by it, the fraction reduces to 

— ^ — , which ^ in its lowest terms ; and consequently 

a*— o;^ is the greatest common measure, as was fbund by 
the former rule. 

And the same method may be advantageously used in 
other examples of this kind. 

Ex. 6. 

Here «*+a«««+a*)a?*+ar»— a^x— a*(l 

x*+a^x^+a^ 

Divide or'— a8a?2— a8a?— Ja* 

by a : «'—«»»— fl«a:—2«3)a:*+««a:2+a*(a?+« 



ax^+^a^x^+Za*x+a* 
ax^ — a^a:''— a'o?— 2«* 

Divide by 3ii', And we have 
a:'+aa:-|-tf*)a?' — ax^ — a^x — ^a^ (x — 2a 

— 2a««— 2tf8a?— 2a» 



TheMfere x^+ax^a* is the greatest commoD 
touglrt. 
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Et. 7. Moltipfljing^ the denomioatar by 7, we hare 

■I ■ ' ■■■—»•»—*——»<». 
— 1 1«<i4^7fli9.— 425 s 
Mttitipl/ by 7 

— 77ii»i4.3«9fl*«— 294 J » (—1 U 
— 77tfaH-2fi3«*'— 66A» 

Dividing by 76C, apd we bave 

a— 36)7a»— 23«ft+6ft2 (7a— 2ft 
7a'*^2]a& 



— 2a^f 65« 

— 2a&+66« 

Tlierefore tf — 36 is tbe greatest common measure sougbt 
_ _ j:'+tfj:«+6a:«— ?a«a?+6aa:— 26a« 

*'+aa:'+6a:«— 2a»a:+6ar— 26tf« „ , ,. ., ,^ 
> ■ \a \ v^ / — 4^ ' Here I diride the im* 

merator by a7-(-2a, and the quotient comes ovt exactly ; 
therefore x-|-2a is the greatest common measure soogbt. 
Ex. 9. 

4P»-<Mr«-8a«a:+6a»)a:*— 3«r»--8a«a:«4-18a8a?-8ii*(x— 2a 

— 2aa?»+12a»«— ^rf* 

— 2aarH-2aix2+16a3a:— 12a* 

Dividing by — 2a*9 and we bare 

a:»+2aa?— 2a«)««— aa:^— 8a'»+6a^(a?— 3a 
x^+^ax^ — 2a^x 

— 3aar«— 6a*a?+6a» 
.^3aa:»— 6a«a?+6a» 

Therefore «' -l-2aa?— ^* is tbe greatest common measaiw 
nought. 

o 
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Ex. 10. Here, dividing the Dumefator by 5a'| and the 
denominator by b^ we have 

Diyiding by b*^ and we hare 

a+b)a^+Zab+b^(a+b 
a*+ab 



db+b^ 



Thereibre eh\-b it the greatest common measure Bought. 

Ex. 12. Here the numerator being the least componnd* 
«d, and b rising therein to a single dimension only, I divide 
the same Into the parts 6a'— 4a'c*, and 15a^&---10a'&c*, 
which, by inspection, appear to be equal to 2«^(3a' — ^Sc*,) 
and 6a^b(2a^^9e^.) Therefore, Sa^— 2e' is a divisor to 
both the p^rts, and likewise to the whole, expressed by 
(3aS-..2c') X (2a3-|-5a^ b) ; so that one of these two foclors, 
if the fraction given can be reduced to lower terms, must 
also measure Ue denominator; but the former will be 
found to sueceed : thus, 

3a« — 2c« )9a ' 6— 27a« bc---6abc* + 1 Sic » (3a6— 96c 
9a»ft— 6a6c« 



— 27a«fcc-l-186c» 
— 27ii«ftc+186c» 

Therefore 3a' — 2c' is the greatest common measure 
sought 

CASE II« 

To reduce fracHons to iMr hweH terms. 

Ex.4. mre4=:^,^-(^l^^^£lrfl^^ , 

^y dividing both tenns by x^ — a*. 
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4flX+6a:2 
Diride by 2a: ; 2fl+3a:)6a'^+7aa7— 3x«(3fl— x 



--2<m: — 3a:* 
— 2aa:— 3a:* 

Therefore 5tf+3a:)---pf-ri r-r--= ^ , , the fraction 

' '6a''+lJ<Mr+3af^ 3a+a; 

sought. 

M. 6. "^«* 3x3-.24*-?"~3(a:3-8x-3)^3- 

£z. 7. Here, multiplying the nuinerator by 5, and we 
bare 

15x*— 2a:»+10x*— x+2)45a:«+l(Kc*+20a:»— 5a>f-4(3« 

45a; 5 —6a: *+30a? 3^3a?^ -j-e* 

6« ♦—20a; »+23a;* — 1 la:+6 
Mult, by 6 

■ III I m ■ii M iM^ I II I > ■ — 

15a:*-2a?*+10a:*-a:+2)30a:*-100a:3+115a:*-55a^^-25(+2 

30a:*— 4a:»+20a:*— .2a: +4 

— 96a: 8+95a:*— 63»+2 1 
Multiply the last divisor by 3^« and we shall haye 
-96a: ' +95x* -53ar+21 >480a: ^-QAx^ +320x* -32a:+«4(-5» 

480.r* — 475a:3+265x*— 105a: 

411a:3+ 55a:*+ 73ar-f64 
Mult, by 32 

— 96xH9&i:3~&3d6-f31)l^fi^M' 1760x3J-s336(r-|-20i8(— 137 

. I3152sc^l3015x*4-7261x— 2877 

14776z2— 4925z-f492^ 
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Diriding the falter by 4925, it becomes Zx-^x^l ; which 
by another operation, exactly divides — 96x'+96a;* — 53x 
•4^21 ; and therefore is the common measure ; and the le- 

A Ae .' • Sx^+x^+1 
duced fraction 18 —-p^^-q^^. 

Ex. 8. Here, the denominator beings the least com^ 

rmnded, and d nsing* therein to a sing^le dimension only, 
divide the same into the parts Aa^d-^acd, and — ^ac^^ 
2c' ; which, by inspection, appear to be equal to 4ad(a — c), 
and — 2c* (a — c). Therefore a — c is a divisor to both the 
;parts, and likewise to the whole, expressed by (4ad — 2c^) 
X (a — c) ; so that one of these two factors, if the fraction 
S^ven can be reduced to lower terms, must also measure 
the numerator ; but the latter will be found to succeed : 
thus, 

a^d^-^acd^ 



acd^^c^d^ 
acd^^c^dl^ 



— ac^-^c^ 

Therefore, a^-c is the greatest common measure ; 
gSffS— c»d«— a«c«+c* ad^+cd^-^^jc^"-^ ^ 

the Ans. 

CA§B III. 

To reduce a mixed quaniUy to an improper fractUm, 
Ex.3. Here 1 -5=H±::5f=2:^ A«. 

Ex. 4. Hew 6i.-^=?5!=:2f=?5=Sflz^f±* 

a a a 

the fraction required. 
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Ex, B. netex^^t^ ^ ^ 

Ex. 6. Here M-^^T'^ 2i - 3x ' 

Ex. 7. Herel = — ■ ■ ' *■•= :r 

a « a 

^?f=^ An.. 
Ex.1 Here l+2*-^=H(l±?fhle:^= - . 

bx 5X 

CASE iVi 

To reduce an improper/racUon to a whole or mixed quanHty* 
Ex. 2- Here, (oo:— a:3)-T-a:=a— a:'. Ans. 
Ex. 3. Hcre(aJ— 2ii*)-T-o&=(^— 2a)-T-2»==^ — f- 

Ex. 4. tf— ar)a*+a?*(a+a? 

a* — ax 



ax+x^ 

2«p^ 
Therefore tt+a:+— *^ — is the mixed number sougUl* 

a^^^x 

Ex. 5. Here^-^^^=a:'+jfy+y', as is readily fofin4 

X — y 

by diyision* 

3 

fix. e. H«re (10«*— 5a:+3)-7-5a?=:2a?— 1+^ Ans. 

c3 "* 
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To reduce/rttcHom to other e^ukfalea^ones having a common 

denommator, 

Ex. 1!* Here by the nile^ 
2xxc=zt€x) 

axc=s ac common denominator. 
Hence -j- and ^ are the fractions sought. 

Ex. 3. Here axc =sac } . 

(a+6)ft=«B^6« ^Jie«r numerators. 

bxc:zzbc common denominator. 
ac a6+6* 
Hence ^^and — r — are the fractions sought. 

Ex. 4. Here 3a?X3c=9ca? ^ 

25x2on=4a6 > new numerators^ 

ilX8ax3c=6acd) 

1 X 3c X 2a=t6ai; common denominator. 

*, 9cx 4db ^ 6acd ,, ^ . . , 

Hence ^ — , - — , and -r — are the fractions required. 
6oc 6ac' 6ac ^ 

Ex. 5. Here the three fractions, when reduced, are 

3 2ar ^ 6o+4a: 
-, — , and — - — # 
4' 3 ' 5 

Therefore, 3 X 3 x 5=i45 1 

2j; X 4 X 5=40dr > new numerators. 

{%a+4x) X 4 X 2=e0a+4Bx ) 

4 X 3 X 5=^60 common denorr. inator. 

The fractions therefore are 1?, 12? , and 52fi±f . 

* JEx. •• HereaxTxra— ar)s7a<— 7a?a) 

<, . 3a:X2x(o— a?):=6a?aj — 6a?' > numerators. 

'^ ^ 2x7x(a+ar)=14a+14a? ) 

2X7x(a— «j^l4a— 14d? com. denooou 

Hence ———--^ ^j^ — zj are thetraa« 

14a— I4a' I4af^l4x 14a— 14x 



^1 

^o add fraclioncU qmniUies together, 

Ex.6. Here ^if ^1^5?+?5=12f 
2 ' 3 ' 4 24 ^ 24^24 12 

Ex.7. Here llf5=:!==?^2(5i:f).==!2d:!^ 

7^ 6 35 • 35 12 

J7ar— 14 . 

»- '— Ads. 

35 

Ex. 8. This maybe written 2a+3a+a-|-??-~=s6a 
2a? 8a? ^ , 18a? 40a? ^ 22a? ^ > 
+T"T=^''+l3:-T5-=^''-'45" ^^'- 

Ex. 9. Here the fractions are — , , sind ^"^. 

5 a— a? a 

By the rule, 3a? X (<»— a?) X a=3a2 ar— 3aa?« 1 

aX5Xa =5a« fnume- 

(a— a?) X (o— ar)5 =5fl«— 10aa?+5ar« ) ''****»• 

Their sum = lOa*— lOaor+Srt^a?— 3<ia:*+6««, and 6x 
. (« — ^a?) X a=5a2 — 5aa? common denominator. 

Tj^ XI . ^ , 10^2— I0aa?4-3a2a?— 3tfa?24-5;^ 
Hence the sum is 2a+ ■ ■,. '^ n^*^**^ ^ 

I ^ 5a8— 5aa? 

— 2tf+2-j — g- ■— Ans. 

5«^— *5aa? 

Ex. la Thi8i8thesamea8 9a;+^:^-.??^=9jt+ 
te«— 10» 6a?— 9 ^ , 6a?«— lOar— ea?+9 ^ . 

— iss — -^ 
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Bx. n. Hew o*+^+^=^P=6*+^^+ 

We hftv« not in all these examples followed exactly the 
process'described in the rule, at least not so as to exhibit the 
operation, both in order to save room, and to indicate to 
the student a more concise way of setting' down bis work } 
and the same will be observed in the following^ case* 

CASE TIT. 

To 8ubtr€tct one fractional quaniiiyfrom another. 
Ex. 3. Here— --=—--55-=^=*+- Am. 

Kx.4. He«, 15y-l±5?=2£22=il±!K)=il8lti. 

^ a 8 8 

Ex. .5. Here axX (b-^c)=iabx+acx 7 «„«^^4^.. 

ax X (6-c)=ato--flcx \ «««n«'^tors. 

DIHerence Socjr 
(J— c) X (6+0=^* — e^ common denominator. 

*2itcx 
Hence t- is the difference sonelit. 

Ex. 6. Here x (a:-f^)=s: 



c ^ ' 26'' c 2b 

— ^hx-i-Zba ex __ Sba — 26a? — car 

Sc 25c~" SJftc ^""^ 

Xx. 7. Here again we have a+----r-— .(a— .—!— : 




Whence 

(a+x)X{a+x)=Ui*+2ax+x^ ) numerators 
(«— a?)X (a^-ar)=a8— 2fla?+a:« J n'^mcrators. 

8nm a=2a«+2a?« 
(a X ar) X (a — x)=a' — a;' common denominator^ 

Vlierefore — a^T" ** *''® diifereBce required* 
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£x. 8. This is the same, whea properly arrangadi m 
, 2x4-1 . 6x— 6 , 42X+147 , 40Ar--4» 

«* *-i Q r 21 "* *^ Tea * les 

, 82X+99 168aar— 168a?+n?a:+99 

^ 168^ 168 

168ar— 86a:+99 86a?— 99 ^. . , 
-—-- — ^ — =rat — n — <■"© answer reqaired. 

lOo iDo 

' Ex. 9. Here subtracting the first from the second, ire 

. 1107—10 3a:— 5 26ar— 10 3ar— 5 lR2x— 70 
U^yex+-j^^ 7-=-T5 r~=— loS 

45jr— 75 137a:+5 . 32x+-5 ,, ,^ 

= • — =x+ ' — the answer sonfirht* 

106 105 ^ 105 "*''»"»^*'*^»"»6 ^ 

Ex. 10. First to find the difierence of the fractions 

a^-^x - a+x 
and 



a[a^x) a[d — x) 

4i(a— a:)X(a— ar)=a8— 2a»a:+flar2 i . 

Difierence =^-'^a*x 
a(a^x) X a(a — x)^=:a* — a*x^ common denominator 
Hence the second fraction subtracted from the first is 

— 4a^g —4* 

a*— tf«a:«~aa^P ' 

4x 
and consequently a j- = is the difierence sought. 

^^X 

CASX Tin. 

To multiply fractional qtiantUies together. 

„ . TT »3a? 5a? 5d?« . 
Ex. 4. Hcrc**rX-r-=:7rr" Ans. 

^ ^ „ 2a? 3a?2 3a?« . 

Ex. 5. Here-rX-; — ^=-r^ ^^* 

5 2^ oo 

^ ^ ,^ 2a: 4x' a ^x^a . 

Ex.6. Here-X^-x^=ji"jq:5l^ An.. 



• These points are placed here to denote such factors as cancel Mch 

other. 
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• • 



2«r Stfft [iO£ 
Ex. 7. H«rc-rX— r-X-r-r-=15aa: An«- 

a c ib 
Ex. 8. Bj reducing these to improper fractions, thej be- 

coroe ! — X = ■ 2 • 

a ax a^x 

It is, however, frequently more simple to multiply quan- 
tities of this kind tog^ether as in common multiplication, 
thus : 

ax 



6a«+3ix 
X a'* 



26 h^ 
6a*+36a: %A^^ product, wbick 



a a' 



h equivalent to the preceding fraction. 

Ex. 9. Here-— x-^X— pT=: ^, >> , « i. A"*- 

fljf a 

Ex. 10. The third fraction aA = . 

a — X a^-'X 

ff*— x^ a*— 6* a* 

So that we have — rr" X — j — r X . 

a+6 (fcr-fx'* a — x 

Now observing what has been before stated relative to the 
factors a«— x«=:(o+x)(a— x), and a»— *«=r(fl+6)(a— 6), 
also ax-|"Jp'=^(<*+*)> our product may be written in the 
form 

(fl+x)(a-- x)(<i+6)(a— 6;p< g» 

(a+^)(«+^)«(a — «) 

Which, by cancelling such factors in the nnmerator and 

denominator as are like, becomes 

fa — h)a^ a' — a' 6 ,, 

i i-^ =r — , the answer. 
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CAS£ IX* 

To divide onefractional quanJtUy by another" 

Ex. 5. Here-r--:— =-r-X^=-7r- Am. 

5 4P 5 3 15 

Ex. 8. Here--^X^=>; Am. 

1 — X X 1 — X 
fix. 9. This may be written 

(2a-t-j?)j? e — Jp 2a+j . 

Where it is to be obseired that c — x is a dirisor of c'— *• 
as stated in Case I. 

Ex. 10. These two fractions are readily resolred inte 
the following factors : 

(x«+6«)(a?«— 6^) x^h _ (a:«+fc«)(a;«— 6«) _ 

(a:— 6)(a:— 6) ^ar(ar+6)"" x{x^^-b^) ^ ' • * 

X 

INVOLUTION. 

RULE I. 

Ex. 1. (2tf«)5=25a«=8a« An«. 

Ex. 2. (2tf«ar)*=2*a»ar*=16tf«a;* Ans. 

Ex. 3. (-|af«y»)^=— x'y'^-^x'y* Ant. 
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Ex* 5. In the preceding^ page of the introduction w€ 
bare 

Agtin/ in the preceding ptge, by writing a for x^ and y 
for s, we have 

(a— y)8=:a2— 2ay+y* 

-I- a3y2— 3a«y5+3ay*— y* 
(tf— y)»=a«— £a*y4-10a8y«— 10a2y3+5ay*— y» 



INVOLUTION, 

RULE IT. 

Ex. 3. Although the rule prescribes the finding the co- 
efficient! separately, it must not be understood as abso* 
lutely necessary, being merely stated in those terms for the 
sake of perspicuity : generally the whole operation is per- 
formed In one line, thus, 

<* <} 4 

Or performing the divisions and multiplications 

And in the same manner, we hare 

Ex. 4. Here (a4-a?)<= 

(a— y)T= 
- -7a«y+t1««y«— 36a*y»4-36tf 'y*— «la«y»+7tfy«. 
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ISx. 5. Here {^+xy=^ 

Or ett^blisbkig t)ie powers of 2=^ 

3»+80af4-80Jc2 +40* 84-lOar «+a:» 

In the other part of this example the 4]uaiitity is a tri- 
Domial, which it is belter to put vBdler a binomial form^ 
tims: 

Thai inyolring the sereral powers of a— ba; we hare 

c3=xc» 

Whence by addition (a— fta;-4-c)5= 

«»+3«« o+Sc» fi4-c»— 3a8 Ja:— 6ac6a:— 3c«C>«+3a5«i*+ 

3c53x3— 63j,3 Ana. 

EVOLUTION- 

CASE I. 

To find tAe roof ^ a 9imple qutm&tg^ 

Ex. 3. Herex/4fl*a?«=v/4>/fl»v^a?«=2flar3 Ans. 

Ex. 4. flere V— 125a3a?«=i/— 125V«^V«*«*- 
Bsxs. 

Ex.6. Here V256«*a?8=^/256Va*V^®=4«J?^ 
Ex. 6. Here V -g^^-^g^^a ^^2-3^- 

Ex.8. HereV— 55— = 57533 - 



B 



EVOLUTION. 

CASK II. 

To extract the $quare root of a compound qvanlUy. 

Ex. «. a*+4««a?+6«««M-4«BM-«H«M-««»+«" Aw 
a* 

+ftax 4a»a^^-4a»a?« 
Ex. 3. ar^— ««»+fii?«r-iaH-tV(«'-'»++ Ant. 

*4 



— ^2*'+ «* 



Ex. 4. 4«*— 4x*+l%B«+a?«— 6«+9(2;a?»— «+3 Am. 
4«« 






4a;>*— 2«-(-3} 12ap' — 6ar+9 



Ex. 5. a:*+4jc«+10jp*+2(te»+25a?»+a4a?-^ieg^ 

2«»+2««) 4d;S4-iac^ 
+2a:* 4ar»4- 4«* 

fl 

&rS4.4r>+6ar+4 8a:»+16»«+24«+l« 

8a»+16««+24«+16 



«ff 
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2a • • 4fl* 






a 8a' 4a* 



4a« 8arr64a« 

8a* "■ 64a« 

Ex. 7. 1+1(1+ 1 II i^< to. 
1 

2+i) 1 

♦ 1+i 



1 H Vr 



EVOLUTION. 

CASK III. 

To find any root of a compound fvantUy. 

Ex. 3. 4a>— 12aa+9a;S(2a^3« Ant. 
4a3 



4a)— 12aa; 
4a'— 12aa:+9«« . 
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Ei. 4. a^^ah+2ao\'h^+2bo^^^iP+h+€f 



a^ 



2a) 2ab 

2a) 2ac 
(th\'h+e) » =za^+2ab+2ac+b^ -f-Jftc+c^ 

Therefore «+^+^ >s the root sought. 
Ex. 5. a?«— 6a?5+15a?*— 20»8+16a?2^e«+l(x«— ' 
a?6 [2«+J 



3jj*^ — 6a?^ 

I 1 " ■ ■' 

3a?*) 3a:*— 12*3 



mmm^m^mmm^^tm 



Ans* a?*—- 2af-4-l 
fix. 6. 16a*— 96^3 jr4.2i6o2a:2-216«a:3+81a:*(2«f-^ar 

16a* 

32a 3 > —96a 3 a? 
(2a— 3ar)*=16a*— 96a3ar+216a-ar2— 216ax3+81a?* 

* .11 '■- ■' ■ ml ' 

Ex. 7. 32«5_80J?*+80a?3 — iOar^-t-lOa?- l(2a: — 1 
32;^^ 

80a?*) — 80ar* 
(2a?— I)5=32ar5— 80a?*+80ar3 — 40ar2+10a?— 1 



^MHHMMSaa 



IRRATIONAL QUANTITIES, OR SURDS. 

CASE I. 

To reduce a raiioncU quantUy to the form of a surd. 

•Ex. 3. Here (5)^=25, therefore \/25 Ans. 

Ex. 4* Here(— 3je) 3 =d-S7a? 3, therefore V—^«* ^»^ 
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Ex* 5. Here (— 2a)^=16o*, therefore — i/l^a*^ Ass. 
£x. 6. Here (m^)*=a^ », therefore %/a^ ^ Jkm. 

And v'(«+\/ft)*=«+H"V«&--V(«+M-V«^)» Am. 

JVofe io f Ae above Cdm». 
Ex. 1. Here 5^/6=^/25XV6=^/ 150 Am. 

Ex. 2. Hc^«-^/6a=^/— X\/6fl=v^- Ana. 

EX.S. Here-V 4^=^-27^ XV3^-Vio8^= 

^108 ^3 

CASE II. 

7b reckice ^uonttltet of different in^es to oihere that dtaii 

hOfce a given index, 

1 1 1 fi 

Ex. 2. Here ^-r ^=s X t=3> 1 »* iodex. 

2 6 2 1 

1 1 1 6 « «... 
3^6=3^1=^^ ^'^"• 

Hence (5»)''and (63)^or 12&^, and 3d^are the uwir en 
■ought. 

1118 
Ex. 3. Here 2-r-g=| X y=4, 1 gt index. 

1118^^,., 
4^8^4X^=2, 2d index. 

Therefore (24)+ and (4«)*=16^ and IG^. 

Whence 16^ and 16''^ the answer sought. 

s2 



^& 



tx. 4. aere?-7^i=7X«=:8 1st index. 

11 14^^-., 
— = — =-X-=2 2d index* 
2*4 2 1 . 

therefore (a^r *^^ (^^) *™ ^^® quantities sougUktv 

1116 
Ex. 5. Hcre-~-=-X-=3 1st index. 

2 12 6^^,., 

— T — =-x-=4 2d index. 

3 6 3 1 

Therefore (d^y and (6*)* are the answers. 

Ex. 2. Here - and -=^ and y^ 

Hence (4*)^^ and (5 3)"^ Am. 

X. « TT J 3 ,12 
Ex. 3. Here-=^- and -=- 

2 6 3 6 

Therefore (a 3)"^ and (a^)^ Ans. 

V A TT .14 ,13 

Ex. 4. Here a^aio -=~ and -=~ 

Therefore (a*)^ and (63) "^ Ans. 

1 1 
Ex. 5. Here -, — reduced to a common denbminftior bis- 

n jn 

. m n 

Comes --7— and . 

iim mn 

1 1 

Therefore (a'»)'«« and (b^y^ Ana. 
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CAS£ III. 

i^Ttdtice ntrds to their moBt nrmpUfofiMi 

Ex.3* He^e^l25=^/(25X6)=5V'5 Am. 

Ex.4* Here-/294=v'(49x6)=7v*6 Ans* 

Ex. 5. Here V56=V(8X7)=2V7 Ans. 

Ex.6. Here V192=V(64X3)=4V3 Ans. 

Ex.7* H©re7v'80=7x/(16X5)=28>/5 Ans. 

Ex. 8. Here9V81=9V(27X3)=:27V3 Ans- 

Ex« 9. Here, reducing the radical, we have 

^6 ^ 36 6^ 
3 5 3 1 1 

Therefo«^v^g=~XgV30=— ^30 Ana. 

fix. 10. V^ = V ^4V 12 : hence Iv ^= 

4- V 12, the answer. 
Ex. 11. Here v'98tf2ar=^(49a«x2x)=7aV2a: Ans. 
Ex. 12. Here5/(a:3— a2a,2)---^^a,2(a;__fl«)J=a?^ 

CASE IV. 

7b ad!(2 su.rA qiHmHties together* 

fex. 5. First y/ 72=x/(36X2)==6>/2 
And x/128=:x/(64X2)=8V2 

Ans. 14^2 

fix. 6. Here ^Z 180=^(36 X5)=6v' 6 
Also v'405=v^(81X5)=9-/5 

Ans. 15^5 

EXi 7. First 3 V40=3V(8X 5)=6 VS 
And V135=V(27X5)=3V5 

Ans. 9V^ 



^ I 
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Ex. 8. Here4V 54=4^(2'' X2)=12V2 
And 6V128=5V(64X2)=20V« 

Ex.9. HereV243t== 9v'( 81X3)= 8V3 
And lOx/SeS^lOv' (121 X3)=l 10^/3 

Ana. 19V3 

£x. 10. By first reducing the fractional sards, we have 

Hence 3v|=3xiv/6=v/6 



Ans. =-f^>/6 
Ex. 11. HereVj=v|=^V2 

Hence 12 VJ+3V4=6V2+|V2=63V2 An*. 

Ex. 12. Here|^/«»J=i-/(«''x6)=|a^/^ 

And 5x/4te«=iv(4««x5)=5*V6 
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CASE r. 



Tb/ind (he difference of aurd quanHiies* 

fix. 1. H€re2v'50=V(26X2)=:10^/2 \ 
And v'18=V( 9X5)= 3-/2 

Difierence 7v^2 

Ex. 2. Here |/320=V(64X5)=4V5 
And V 40= V( 8X5)=2V5 

Difference 2^5 

Ex, 3. Here V l=^V ^=^V^^ 

And -i/ — =</ — =-'^/lS 



4 
Difference -rry/lB 
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Ex. 4. Here2x/^=2v' f = \/2 
And y/S= >/(4X2)=2-y2 

Difference ^^ 

Ex, 6. Here 33/1=33/-= V? 

And V'72=>/(8X9)=2V9 

Difference ^^9 

■Ex. 6. HereV |=Vi^=Jvie 



Difference -~:?/18 
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Ex.7. Here v^80a*a? =v'n6«* x5a:)=4tfV^a: 
And -/20a*a:3=<^( Aa^ x^ X 6x)=2axy/ 5x 

Difference (4a*^^ax)'^6x 

Ex. 8. Here8Va^ft=8V(<»'X&)=8a ?/6 
And 2V«'^=2V(«*X6)=2«*V& 

Difference (8a-r2a» ) V* 

CASE VI. 

7\} multiply surd quantities together. 

Ex. 5. Mult. 5^/8 
By 3x/5 

-^— ^^— « 
Product =15>/40=:15V(4X10)=30^/10 Ans- 

Ex. 6. Mult ^IQ 
By 6V4 



Prod. =5^72=5^(8 X9)=10Vd 
Ex. 7. Mult+v'fi 
By ^^/9 



Prod. 4^^54=i^(9X6)=^^6 

Ex. 8. Mult. iV 18 
By 6x/20 

Prod. =f7360=fV(36xl0)=15v/10 

Ex. 9. Mult. 2 ^/3 
By 13J-X/5 

27'x/ 15 Answer. 

-8- 4> 289 241 -S- 4- 

Ex. 10. Here72i«^Xl2ajh» ~-4-X— Xa^Xa^ 
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JBx. 11. Mult. 4+2-V/2 
By 2^ ^2 

84-4v^2 
— 4v^2— 4 



8—4=4 the answer. 

Ex. 15. Mult (fl+ft)»=(<i-f 6)«» 

1 * 

By (<>4"ft)«=(a+6)"w 



Ni'fn 

Product =(a-f ft)"** 
CASS vir. 
7V» ii»«t^ one Mird quanUty by another. 

Ex. 6. Here |^^=2V27=2^ (9 X 3)=6-/3 Am. 

41/72 
Ex. 6. Here ^lT[g=^V^, which will not reduce lower. 

« -. T» ,3 2 23 3 69 
Ex.7. Here 5^5=-x^=- 

1 11 *? 1 

^135 ^6 ^27 ^81 9^ 
Therefore— x-x/3=~v'3=~^/3 Answer. 

w o r.- * >.5 . «2 33 5 165 
Ex.8. First 4^2^=-x^^ 

Ai«i4-^^/?=x/(|x|)=v/?= , ; 
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166 2 55 

Hence— Xsv^a=—\/2 Aniwer, 

« -. « .t . ^2 9 S 27 
Ex. 9. He«4^2^-X--y5 

1 i 4- «^ a' 
And y/a-i- V•&==«*-^«^*^=-l'*-i— 

(^) » therefore ^p^)* the answer. 

2 3 162 4 648 

Ex.10. Here32j-13.==~X5g=5^ 



Therefore ;rrra the answer required. 
275 ^ 

» .- »T ^3. ,a 75 11 825 
Ex.11. Here 9^-4^^X55=3^ 



.' limn _ 

And tf* H-a"^***-ra"*»s=« *** 



,,825 _ ,, 
Consequently ^^r^ "^ t^® answer. 

Ex. 12. Heie ^ ]^^^ = V^> or 2, the answer, 

3^<e to <Ae o&ove Cote, 

1 -* 
Ex. 3. Here~7=ff the answer. 

£x« 4. Here a *=-r- the answer. 
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Ex. 6. Here a(tf2-^') *«± — r Ana. 

cAsv nil. 
Ts invohe or rahemtrd^fmohiiHes to anypotoer, 

Ex. 3. Here (3V^*=(3X3*)»=9.3*=9V9 Am, 
Ex. 4. Here (17v^2l)«=:17 V(21* X21)=17« X21 
V^21=103173v^21 Ans. 

Ex. 5. Here (+v'6)*=(iX6*)*=~X6»=p 

1 

Therefore ^^ the Am. 
. -5o . 

Ex. 6. Multiply 3+ V-5 
By 34-SV'5 

Sqimre =04-r2v'6+2O=29+l2>/5 
Ex. 7. Multiply ^/a?+3>/y 
By V^^y/y 

+3v^a;y+9y 



Square =a?+6v'J:jf+9y 
Mult by ^/a?+3v^ y 



xy/x-^Qxy/y^ 9yy/x 

+3a?v^y+18yv'a7+27f^y 

Cube =a?>/a?+9a:v'y+^'^y>/*+2Tyv'y 

£ 
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Ex. S* Here Mult y/%^^2 

By ^Z—y/2 



3— v^6 

Square = 5 — 2y/6 
Square = 5 — 2-^6 

* 

■ 1 1 I I m 

25—10^/6 
— lOt/6+24 

4th power =:49^-20>/S the aiifirer* 

CiiSB IX. 

7\> jSnd t^ roots of surd quantitUi. 
Ex. 3. Here ^/108=^/(10»^-10)=10^/10 Ana. 
Ex. 4. Here 3/±a*=V(^'X4»)=|aV'« Am. 

Ex.6. Here Vi?«^=l^*^*=l«* Ans. 



81 3 3 

Ex.6. He«.|^|=(|)X(|)*=(|)* ' 

Consequently V(|v/|)-V(f)*-<|)*=(^)*4%^3* 
Ex. 7. Herex* — 4a:i/.fl+4fl(a?— 2>/a An«. 



2x— 2x/fl) — 4a:\/fl+4tf 

— 4a;v/fl+4j5 

Ex. 8. nerea^2^ab+b(^^a+^b Ans. 



2v'«+>/i) 2^«H-^ 



♦7 



CAt£ X. 

Tb iramMfwrm a UinomicU or retidual turd into a genehU 

ntvd, 

Ex. 4. FiT8t(3— V 5)8 =9-^^6+6=14— 6^6, thtw- 
fore >/(t4 — 6>/6) Ans. 

Ex, 6. Here (v'2—2>/6)« =2— 4>/ 12+24=26— 4^ 
12, therefore ^Z (26— 8^/3) Ao8. 

Ex. 6. H€ire (4— v/7)«=16— 8^/7+7=23— 8^7 
Hence i/ (23— 8V V Ana. 

' Ex. 7. In examples inTolrin^ cube root radicalt, it is 
useful to know the following form of the cube of a bino- 
mial: riz. 

(a± h) 8 =a3 J. ft 8+3aJ(ai: h) 

Hence (2^3— 3V9)'=24— 243— 18^^7(2^3— 3V») 
=— 219— 54(2V3— 3V9) 

Consequently V(— 219— 54(2 V 3— 3^9)) 
is the general surd required. 

OASfi XI. 

7b ixiract th$ square root of a bwoimtU wrd. 

Ex» 3. Hcre-/[ia+^V(a2— 6)]*=V'[3+4■^/(«6— 26)]= 
^/(3+2);and>/[i«-i^/(A«-6)] =v' [3-^^(36-20)]= 

^/(3-2) 
Hence V(3+2)db \/(3— 2)=v'6± 1 Any. 



* It rofty here be observed, that h denotes the qoantUyiinder the 
second radicBl after ifs coefficient has been introdoccd. Thus in Ihft 
present esaonple, ftssflO, because 8^/5*^^90. 
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£x. 4. Here 

Hence ^/(V+f)±-•(¥—i^)==4±^/7 Ans. 

Ex. 5. Here 

v'Of *x/(d*--6)]==x/[t8-H-N/(1296-1100)]=: 

v/(18+7); and 

Hence v^( 18+7) ±-/ (18— 7)=5±x/ 11 Ans. 

Ex. 6. Here 

\/[4fl+4^v^(«'-ft)]-v^r¥+iV(1089-864)]=:= 

V^[^«4^(<»2— 6)]r=^[^^A-/(1089'-864)l= . . . - 

Hance>/(:^^)±V(f-^^)=V24i3 Ans. 

Ex. 7. Here V Of JV (««+&))=%/ (H-^>/ (1+48)) 

AndV(i«-JV(«'+6))=y(i-4^/(l+48))=v/(4— f) 

• Whence ^/(1+V— 48)j=a+y— -3. Ans. 
Bx. 8. Here V'04-*V'(«*+6))='/<:ff fVCH-lB)) 

Whence v/(3±^—16)=2±v'—l Ans. 
Ex. 9. Here ^/(A«+iv'('»* +»))=</ (-H^n/C 1+8)) 
And v'(^-tv'(«''+6))=V(-i-+v/(l+8))= - - - 
Whencox/(— liv'— 8)=I±.v/— 2. Ans. 
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kit. 10. Here \/(iH-*>/(«*--*))=V^(4«*+i>/(d^^— 
4^i«««-H**))=^/(a2— a?«) ; 

Aiid ^/(i«-4•^/(«'-^))=^/(i«»-4v^(<^— 4«»«»+ 

Whence >/(a«+2a:V(tf«— ar«))=a>f V(a»^(|>)h Anf. 

Ex. 11. Let --y^i2^v^24 be reduofpira general 
raid» and it becomes —-^(+36+24^/2). Hence 6+2-^2 
=a; and+36-f 24v^$=:&; therefore ^/Ci*f^v/(«'—ft))=^ 
^/(3+^/2+.W{44+24^/2— 36— 24v'2))=-/(3+^/2+4. 
^/8)=V(3+«^2)*=l+v'2. 

Again, ^/(J^*-j-y(ii«—i))=^(34-v^2-4^(44+24v'2 

— 36-.S4V2))=^/(3+v^2--J^/8)=v^(3+^/2-.^/2)=V3- 
Whe|BceV(6+2V2— V12— V24)=l+^2— ^3 Anff. 

Case XII. 

^ 7b JSa(2 any roof of a hthomial iurd. 

fix. 1. Wehare A''— B2=250=5X6X5X2; .-.Qxssx 
2is=n5,whenceQ=s4,andn=5x2. Then V{(A+B)x x/Qj, 

or V { (68+V(4374)X2)| = V»68+=r=7, the nearest 

integer. Ai/Q=^8'v/4== 136^/1, and the radical part ^i 

.n ,,10 « r 10 

. *^r "^7 "^7 49+10 59 , 
=t aod ^^==.^>j^^_-=-.j_=x^^4=x<,thenee^ 

est integer. And l*=4, ^/(^8**— n)=V(16— 10)=V^» 
and VQ=^ VQ— V4= V2; and so the root to be tried ils 

• , .^ whose cube, npon trial, I l6nd to be 68 — ^4374. 
V2 



* The sqntte root of this expression is foaod at in Ihe fiiNgmiig ex- 
imples. 

e2 



ou 

Qx3^ X2=n^ ; whence n=3X!2=36, andQ=:4 (beoavsea* 
xax4 = 3»xa95=:n»). Then V[(A + B)X >/Q]=a 
^/[(13+11)X2]= V48+=r = 4. A^/Q=^^175X^/4=i3 

y 175=1(V7, and the radical part -/T^*, and "«r"=5~75 
=:«=1 in lih.e ne^resl; integer. AP*i <*=->/ 7' %/[(''«*—? «)j 

VQ -"VT- ^*^^ ^°'- 

Ex. 3. We bare A»— B«=l ; Qx l^n', whence Q=l, 
andn=l. Then v^[(A+B)Xv/Q]=VlO+=r=:2 near- 
Ij. Av'Q=2v'7, and hence the radical part \/7=*, and 

^=— 7?=4:=<=i* Andf*=^, x/(<8*«^n)= - - 

>^^+>^? Ans, 
2 



* The rule in the Introduction, uhich wan Jir§t given bj Newton 
in the Universai. Arithmetic, fniU when <xsi exocdj, as it would 
be in the above example, if the calculation was performed eccnratplf. 
I proposed this particular example at the Matheroaiical Club : ** Re<* 
quired to know, if the cube root of 2\/7-{-dv^d can be found by the 
ruU given by Newton, pa^« 139, Universal Arithmetic, for eitractlog 
nny root of a binomidl sard ; and, if not, to show where that rule 
fails, and what alteration is to be made in it, so as to obtain the root ?** 
Robert Adrain, LL. D. Professor of Mathematics, &,c. Columbia Col- 
lece, has since abl]^ mrestigated the subject, and he found the ruk noC 
oniy to fail in this, but in a great variety of other examples ; and has 
•IflodiacoveredtherttZ^tobe defective. Ses «* The ExerciaM of the 
Mathematical Clab of 4be City of New-Tork." 
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tmd fi==3. Then V 1 (A+B) + v'Q { == V { \/ 5046 + ^ 
(6043) X-/8l}=V (71+71) x9|:^r-4 nearly. Av'Qzs 
^5046 Xv^81=26V6, and hence the radical part v^6=:« 

*^^ *'2r''^5I76~^~* '° **** nearest integer, and ts^^O, 
v/(««*2—n)=:vf (6— 3)5=^/3 and 3yQ=='y81=;:V9- 
And then^fors ^^x/f ;'-^) ^^/6+./3 

Ex. 5. Here a=45, and &=1682; whence \/(a^ — h)^ 
V(2025— .1682)=7, and n'— 3( V(««— ^))n=90, orn^— 21»» 
^90, whence it readily appears from inspection, that n=6« 
Whence 

V(45+^/1682)=f+^x^(36— 4^/343)=3+i^8=3+v^2 
8/(45— v/ 1 682)=f-4-v' (36— 4 v' 343)=3— J--/ 8=3—^^2* 

Ex. 6. Here a=9, and 6~80 ; whence l/(a^ — b)=ar 
V(81^— 30)=l,andn3— 3(V(««— ^))n=18,orn8— 3n=l8. 
Whence it readily appears, by making^ trials of the dirisora 
of 18, which are 1, 2, 3, &c. for n, that yi=3 ; whence 

V(9+x/80)=fHV{9^V(81-80)}=:H-*V^6, 
^ V(9-v/80)=a-iv|9-4V(81-^80)}=f-^x/5. 

Ex. 7. Here a=20, and &=32368; whence V(«*+^)== 
V(400+32368) and »3— 3( V(fl2+&))n=40, orna-96n=40 j 
when it readily appears, by iospectioD, that n=10 ; whence 

V \ 20+\/32368 1 rs^iH-iV 1 100— 4 V C400+32368) }= 

H-V-7, 

V { 20—^^32368 1 =^0 — jy \ 100--4V (400+32368) { = 
5— x/— 7. 

Ex. 8. Herea=s35, and &=s28566; whence V(«'+^) 
=:V(1225+28566)=s3l, and n»— 3(V(a'+6)n)=70, or 
n' — ^9311=: 70 ; when it readily appears, by inspection, that 
ns=10; whence 

V (35+ v'«8566)=-yi+iy (100—4 X 31)=5+v'— 6, 
s^(35— ^/28566)=:Jt^«H^^/(!00— 4X31)=5— V— «. 



txi 9. Here l&l-*- V— 2700=27 X (3+^—^); that 
the cube root of 3+^— ^ftft^, can lie now more easily 
fb^nd. We hare tf=±3, and 6=:-V^ ; whence V(9+-W) 
±*j>andn3—3{ V(a*+J)|n=n»—7n=i=6; when it readily 
Appears that n=t— 2 ; whence V(3+\/— W)= — l+i 
V(4— 4Xf)=— 1+|>/— 3, weshallhave by multiplying^ 
by 3, (which is the cube root of 27,) — 3-|-2v^^-3 ; and ia 
like manner, 3/(3— V— W)=— 1 — Jv^— 3, which, mul- 
tiplied by 3, as before, becomes «-i^3-*-2v^'~^* 

CASE XIII. 

Tojmd such amuUipHer, or tnuUipliersy ob will make on^ 

binomial sturd rational 

Ex. 6. Given surd y/5 — ^x 
Multiplier -/6+v^a? 

Product 5-*— or as required* 

tlx* 6. Given surd ^a^'s/h 
Multiplier ^a — '^h 



Product a — h as required* 

Ex. 7. Given surd a^y/l 
Multiplier a — y/h 

1 1 1 I 

Product a' — h the answer- 
Ex. 8. Given surd 1 — X^Za 

Square of the terms =l+^4a' 
Product with sign changed =4-^2^ 
Therefore 1+ V2a+i/4a2= multiplier/ 
Mult, by 1— V2<i 

l+V^fl+^/4a« 
— V2«— V4a'— </8«8 



Product =1— V8a'=l— 2a as required- 



53 

Ex. 9. Given 9urd V3 — W^ 

Square of the terms V^+W^ 
Product with tign changed -{^i^^ 
Whence V 9+iV6+i>/4 » the mnitiplier re- 
quired. 

Ex. 10. Given surd «*+6^ 

Here m=^ and n=3, and a'*~**-«'*~^"*6"* 
+a«-^«6^ &c. =a^-*~a^-*6*+a^^6»-.«^-^6* 

CASE xir. 

7^ reduce a fraction whose denominaior u either a ntnple or 
compound iurd^ to another that shcUi have a rational denq* 
mmator, 

to. 4. Here ^° = ■ V? xi^2=^- ... 

4 

Ex. 5. Herer-T — 7*=r-i — j-X- — i--= — - — z— , 

Ans. 
Ex.6. H,re^=^=^=^x^=^=^^±t:^ 

which is the answer sought. 

Ex. 7. Here, by the preceding' rule, the multiplier for 
the denominator ta %r49+\/^5+i/iS. 

WU 10 _ 10 V49+V35+V25_ 

'^^''^^ V7-V5'^"V7=V5 ^ V49+V35-|-V«5'^ 
10(V49+V35+V g5) 3^^^^3^3^^^^^^^ ^^^ ^^. 

surer required. 

* Here, bj (aldng n ami, and potting: a^ and 6^ for a and 6 io tbft 
foimnltty we shall obtain the tame result. ^ ^ 
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fix. 8. nef ^j^.^io=|79+VlO^ 



« * -^ 



3V9— 3V10+V300 , ^ 
19 

4 4 V4— 1/5_ 

4rV4— V6) 4(V4— V5)^?+V5_ 



^4— V5 2— V* 2+V5 

4— '5 

— 2-s/2+(2+v/6)xV5) Ads. 

ARITHMETICAL PROPORTION AND PRO- 
GRESSION. 

Ex. 3. Here the formula Si=(a+l)^- becomes 8=(1+ 
1000)X500=:500500 Ans. 

Ex. 4. Here the formula 8={2fl+(»i— l)^}^ *««<««• 
{ 2+100x2 } xi5lrf02xi~=101«=l0201. 

Ex. 6. Here8=(fl+/)^=(1+24)X12«300 Ana. 

Ex. 6. Here the formula /=a+(fi—l)d, becomes 1=2 
+ (365—1 )2=i24-'t28=730 Ans. 

Ex. 7. Here 8={2a—(fi^l)d]| = {20— 20X i}x 
21 20, 21 40 21 ^^^ . 
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f 

Ex. 8. Here the first term is 14-1=!^, and the taift 
100-1-100=200, the number of terms 100. 

Hierefore (a+0|==(^200)60==10100yard8,or5iBiIei 
JttttI ^Afdfly the.Jkiiswer. 

GEOMETKCAIL PROPORTION AND PRO- 
GRESSION. 

Ex. 3. Here the tat term ipa=l, the ratio r=2, the nimi' 
her of terms n=^20 ; 

Whence the formula a— a( ) becomes 1 x^ — — = 

«• •—1=1048575 Aftt. ^ 

Ex- 4. Here a*=l,r=J^, and n=8, whence 8=^(?^'^) 
-ivi=(i)l__il— l_^«-l 255 127, ""^^ 

ram required. ^ 

Ex. S. Here a=:l, r=^, ?nd n=3l0; whence sc=a 

r^l 1-4. 3>oxf 3"^ X2 39366"*" 191683 

Ex. e. Heretf=l,r=2,n=32. Whence «=(at!!fl) 

2B«-.l '•'-^ 

"^^ ^ "sHr'^^ ^ * —1 =5=4294907295 farthings ^44139UL 

EQUATIONS. 
RESOLUTIONS OF SIMPLE EQUATIONS. 

CASE 1. 

1. ^re 2jr-f3=a:+17, by transposing gives 2«^ar=:l7 
^3=14. Whence a:=14 Ans. 

-jI'^ ^ff* 5x--.9=4jr+7, by transposing, gives 5a?— 4ar= 
7-h9=16. Whence a?=s=] 6 Ans. 
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5, Here *+9 — ^2=4, by tia^sposing^ gives je=4+2— 9 
= — 3 Ans. 

4« Here 9x — 8=8a>--6y by tranBposiog^^lg^yes 9^; — 8«= 
8.^5=3. Whence x=3 Ans. 

6. Here 7x-}-8 — 3=6x-|-4, by transposing, gires 7a;— 
6x=44'^-i-8z=N^l. Whencea?s:— 1 Ant. 



CASE lU 

« 

1. Here 16a?-|-2=:34, by transposing, gires 16x=34— -2 

32 
s=32, and by division ar= '|^ — Z , Ans. 

2. Here 4x— 8= — 3x-f-13, by transnosing, gives 4j;-f' 
3jc=134"8, or 7a:=:21, and, by division, a;=-=-=3 Ans. 

3. Here 1 Ox — 1 9=7a:-{- 1 7, by transposition, 1 Ox — 7x= 
174* 19y or 307=^36, and by division, a;=:-~=:12 Ana. 

4. Here Sx — 3-}-9= — 7a?+9+27, by transposition 8a^4• 

30 

7xs:27«|-9 — 9+3, or 15a:=30, and, by dirision, 4:=--=2 

IS 

the answer. 

5. Here 3cm: — 3a&=12c£, by transposition, 3ar=12c^- 
^mb, and, by division, ar= ~ =&-4 — Ans. 



CASE III. ' 

3^ it 
1. Here --= +24; then multiplying by 4, (which is a 

lnttltit»le of 4 and 2,) 6af=x+96, or 6a?-— a?=96, or 5a;=:96, 

and, by divisioQ, x=^~=l^^ Ana. 
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X X St 

2. Here s+H'a^^^^ » ^®°» multipljing: by 3", ire hare 

3 5^ 

• II g= ^^^> **** multiplying by 6, givet 5«-H^+ 

152 

^^=830; andthit, maltiplied by 2, gires 10x«{-dd^-H16dr 

z 

=1860, or 31a?=1860, v^, by diWsion ;i?=-— -r=60 Ans. 



3. Here f±if ~=20-5Eii^; then, multiplying by 6, 

(which is a multiple of 2, 3, and 2!,) So?*— 9-}-S^e=120— 3« 

72 
— S7,-asid, by tra mp o g itiofa and dmsion, «rs«^7Si9 Ans. 

4. Here -—+--—--=16— ^i- ; then, mnitiplying by 
12, we get 6a:+6+4a:+8=192 — 3a?— 9, or 13«=169 ; and 
by diyision x=-~-=13 Ans. 

6. Here -?-H — = — H^"" ♦ *^®"*» multiplying by &, 
JC+H — =----H \ — , mult, by c, cx-YOk^hos^^ •+ 

— ~ and, by multiplying^ by a and d suQcessirely, we 

have «?cj:+a'crf+a6rfa:=2ftcrfa7+a*6c+flci^, or,by tran** 
position adcx'^'dbdx — Zhcdx=^a^ hc-\'ach^ — a' cdy and by di- 

▼Mion x= — , .^ ^, , Ans. 
ooc-j- abd — ^cd 



CASE IT. 

!• Here 2v'jH"3=9 ; then, 2^/a?=9*-3=i6 by traaipo- 

36 
aitioD, and 4a;=36 by squaring, or ap=-~=9 Ani* 



5« 

*. Herev'(*+l)-'2=35 then V(«+l)=H-^5, « 
ie+\=U by sqaaring, and consequently a:=25r-l— 24 Am. 

3. HePB V(3«+4)+3=6 ; then \/(3x+4.)=6-S=3, or 
3ar+.4==2af l>y cubing, and 3ar=27— 4==2?, oy «=^« H 

the answer. 

4. Here ^(4+^)=4^^/« ; then 4+«=l6-8>/*+* 
by iqiiannff, an4, by trans. 8>/ar=ia, »r ?y^x=3; and 

9 
4^s=9 by squaring, or x=~H Ans. 

5. Here >/(4«2+*")= V(4^*+«*) 5 tben,by 8«|uariBg 
4a«+a?«=>/(4&*+a:*), and squaring again, 16a*+8tf»««+ 

«*=r46*+ar*, by transposition and division x = — ^-j 
and consequently pe=:y/(r-^ — ) Ans. 



CASEY. 



1. Here 9»»— 6=30; then 9a:« ==90+6=36, or ««= 

--=4, and consequently «=^4=2 Ans. 
9 

2. Here ;i:8+9=36; then x » =36-^.9=27, or ar=V«7 
==3 tbe aiiswer. 

81 

3. Here «*+a?+i=^ J *hen, by extracting the squaw 
xoot of both sides ar+i=|=4^, pr x=4i— J=4 A"*- 

4. Here ««.+«?+ j- = >» ; then, by extracUng tha 
__#quare root of both sides, x+~h Q^ '^^^g -^°** 
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5. Here 2r'4^i4a7-|-49=;:121, tfaen^ by extraction the 
Mpiare root of both sides of the equation «4~'^=1 ^^ ^ ar==ll 
=—7=4 Ans. 



CASE TI.' 

i. Here fa? : a:: 5bc: cd; then4^Xcef=aX5ic,or3&£aEf' 
^zOabCf eon^equently, ar= "" = ^'"q;7" 

. - ^- 2 

2. Here lO-^o: : -a; : : 3 : 1^ then 10— a:=2a; bj 6i«It- 

tat and means, and 3«=10y or a:=-^=3-^ Ana. 

3. Here 8-f 8i? : 4d? : : 8 : 2 ; then 16-|-16a:=32x by mult 
ext. and means, and 3£a;-f-16d?=16y or I6xatl$ ; therefore 

*=16=^ Ans. 

4. Here x : 6 — x : : 2 : 4 ; then 4j?=:l!^2j^by mult ext. 
and means, and 4a:4-2a?=12, or 6a?=:12 ^ therafbre 9=- 

-T-=2 Ans. 

5. Here Ax: 4:: ^^x : d ; theii 26x=9a^xhj mnit ext- 
and means, or 4x=aV^> and by squaring I6x^=za^x ; there*' 

lore, by division, ^=:-^ Ans. 



EXAIMPLSS POR PRACTICE. 

JSx. i. Hcire 3;tr-- 24-24=i3l, by transposing 

Gives 3«=3l4-2— 24=9 
Whence x=f =3 Ans. 

ISx. 2. Here 4— 9y=14— i ly, or 

I ly--9y=14-^, or 2y=10, 
Whence y=-y»^=:5 Ans. 
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Ex. 3. Here a:+18=3ar — 5, pr 3a? — a:=184"5 
or 3ar=23, whence ar=llj. 

Ex. 4. Herex+|+?=11 

Mult by 6. 6a?+3ar+2a?=66, or 11«=66, 
Whence x=::Q 

Ex. 5. Multiply the g^iven equation by 2, and we have 
4x — «+2=10«— 4; whence 10a?+:p—4«=4+2, 

or 7x=6, wheuce «=| 

7 

Ex. 6. Mult lf|-|=:-j by 60, grives 
30a?+20«— 16flP=42, or 25x=si42y, 

°' "^=35=5=^5 ^'^' 

Ex. 7. Mult £±lf |=4-f=^, by 12, gires 

6a?+18+4a?=48— 3a?+15, or 

45 6 
13j:=:45, whence a?=---=3-r Ans. 

I «j lo 

Ex. 8. llere 2+v^3a;=v^(4-|-5x} being* squared, 
Gives 4+4V3j:+3x=4+5ar 
Whence 4-^3ar=5a: — 3a'=2r 
Squaring 48a7=4a;^, or dividing by 4a:, we hare 

ar=12. 

Ex. 9. Here «+tf=--r— , or a?2+2aa:+a«=ap2 

' x-{-a ' ' 

Whence 2ax=~^a'^ , or 2x= — a, or Jr=— ^ 
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fee. ia. lierc v^«+v^(H-*)==^7^X^> ™*^- ^J 

Hence by squaring aa^^-ap* =*:«?— 2a«+**> 
Conseq. 3007=0'$ or 3a;=a} or ^=g Ans. 

fix. 11. T^e equation — - +^s=-^ 5^ 

Mult bj 12 gives 2d3c--2b+4a^6hx^^bx+4d 

Whence 3«»— 26a:=36, or a(3B— 2*)=£:3» 

2b 
ConsequenUy x=5j;:;5j 

Ex. 12. Here ^(o«+a?«)=V(&*+«*).V squaring 
Givei a'»+a?2=:v/^(6*-|-a:*), squaring again 
Gives a*+2o8««+a?*:=6*+x* 

Whence 2<i»^a?«=d*— a*, or ar==v^-^j2— 

kx. 13. Itere x/(o+a?)+v^(it-^)=\/<», by squftiing 

Gives 2«^-2^/ (««— a?* )=aa?, 

iid>— 2a 
Whence y'Ca'— a:2)= — ^^ — ; squaring again, 

A* .-.ops — . ' 

4 

Tfaetefore — 4ar«=<i»ar'— 4tf'ar, or dividing by »j 
— 4x =a*jc -i-4a',or 
_ 4a» 

fex. 14. Here^^ — {". ^=&, becdines by reductioil 

1+af 1*— »• 

Whence 2a=&— 6a?', or 6a:* =6— 2a 
Therefore «=v— v — 
f2 
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Ex. 16. Bj sqnwm^ a+x=::y^ [a^+xy/(h^+x^)\. 

We hare a«+2aa:+a?« ==«»+«?>/(&'+*') 
Transposing 2aa:+a?«=aJv'<i»*+ar«) 
Divide by a?, 2« +a? = >/(&*+«*) 
By squaring 4a2+4JKH-A?*=fr*+** 

-Whence 4«a?=5*— 4a«, or jp=:— -{i 
The answer required. 
Ex. 16. Multiplying the given equation by 2, we have 

By squaring 2a?2-^2V(a?*-'2a*)=4ajr% or 
Squaring again x^^9a*=^4a^x*-^ax*+x*y or 
,(4rt-4a*)a;*=9aS or X^tZ-^z^ 

' Ex.17. Herex/(a+*)+-/(^--*)==*'^y^"*""ff 
2a+2v/{a«— a?2)=62, or ^(a^'-x^)=ib^'-a. 

Whence a*— a;2=|6*— &«a+a* 
And «=^/(i«a--4**)==|v'(4a-6«) 

Ex. 18. Given equation V(«+^)+V(«— •p)=^ 
By cubing both sides after the form of Ex. 7. Case x, 
Surds, we have 

But since H/(tf+a?)+V («—»)=*» **"* becomes 

2fl+3^/(<»^-'-^'')X*=^^ o^ 

J. 3 oa 

O w « OX J^— 2fl , 

^ (tf 2 ^^2 )= — rr — whence 
* ■ #• &^— 241 > 

Therefore ap=v^{a»— (—^j— )' J 
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Ex. 19. Here yo-hV^^v ok> irhk]^ dirj^ed by ^9 
GiTe8^1=V''», or^^»+V«». 

_ -J* 



Whesce ^/((^—])^/a;^^/a, ot -Jx-- 



Therefbiie ar= 
Ex. 20. Here \^~X+v' jXT=f *» ^^ squaring 

Or — 5-^r4"2=a' ; or by multipljiiig^ 

Whence 4a:*— a«a?2=— a«, or (««— 4>r«;=a» 
Therefore j?= .. .. — -r- the ansvrer. 

Ex. 21. This equation transposed, is 

^(fl'+(M?)+x/(a* — <M:)=tf, squaring 
2a«+2v^((i*— a«ar'»)=to« ; whence 
V^Ca* — a*ar*)=-^}<»* ; si|uariBg agaicv. 

Whence a;=v^^«=| v'S 

Ex. 2f. Here ^/(a*— a?«)+arx/(a2— l)=flV(l-**) J 
then, by transposiuon, *J{a^ — x^^^a^iJiX — a?') — XyJ 

(ai— 1) ; squaring, ^«--a?2===«*--a*a?2---2awV(l---<P^)(«Mjr 
•-f-a^o;*-^*. Ag^in, bv transposition, and diyision, 2x^ 
(1— «»)(a'— l)=fl'^— a2a:2+a:2—l=(l— x2)(a«— 1) ; by 
aqaaring, 4a?2 (I— x2)(a2— -1)=(1— a;*)* (a2--l)3, and 4x» 
=(1— ^8)(fl2— 1), dividing the whole by (1— ar»)ra3-.l) : 
therefore by actuatfy multiplying, 40?^ =a* — o*ar*+x* — 1, 

a^ — I 
or 3a?2-^-tf«a?*=a' — 1; whence a; ' = --32;^; aodooBfe- 

a^ 1 
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tt. S3. Here ^/ (»+<i)=c-V(*+») [ . _,.,i^ 

the answer^ 

Ex. «4. He« V^+V^=V5CI^*y 

•quAring, 

jknd 6x^cx=:«H-ac 

Conieqacntlj *— - j_g ^h^c^ . 



qiuantities, 
kvtv. ti 

kXA»lM.S8 r6» PKACTICK. 

1, Hew 4i+ya=34, and 4H-«=1«. *«» '^"" '** '^ 
?ir», and from 2d, x=i6^J ; UwreSow, by eqwIHy, 
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34— V 

. r^ =g|e.— 4g^, aad, QOnsequeiitly 34— y=64— 16yi or X6y 

30 
— y=64 — 34, or 15y=30 ; whence «=--;=2, and af=16— 

4y=:16— 8=8. 

2. Here 2a:-f-3y=16, and 3ar— 2y=n ; then, from Istar 

16 — 3v , - ll-l-Sv 

= — ^-^ and from 2d, a?=: — —^ therefore by «qoality,- 

— X y =: — _i and, cciiseq. 22+4y=48 — Sy, or 13y= 

^« »/> »/* 1- 2© ^ . tl+4 15 ^ 

48 — ^22:=26 ; whence y=~=2,and4f= — —=—-=5. 

^ „ 2jr , 3y 9 , 3a? , 2y 61 ., ,. .. 

3. Here j- ^ttt — , and i- ^= — ; then^ mult, the 

• 5 ' 4 20 4* 5 120 

1st by 20, and the 2d by 20 ; we shall hare Qx+lBy=^9i 
and 15a?-|-8y=10f ; whence, from the former equation, x 

=:fZgl£2, and from the latter a?=si5t^ ; th^rel^re, by 

equality, 15t=f3?=2±15y or 8 1^—64^=1 35--225y,henc^ 

9— — 15« 9—5 
1 6 1 y=53f , or y=53f-f- 1 6 1 =f ; also «= — g-i=-g-= J. 

4. Here ia?+2y=a, and Ja? — 2y=& ; then, from tlie let 
x=2a— 4y ; and from the 2d, a:=2H-4y, hence 2i+4y=2a 
— 4y, or 8y=2a — ^b ; whence y=ia — i6, and x=^h^4ys= 
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I. H«re|+| = 8, |-|=^»i then from tM iirtt *=i«^ 
fit, and from the 2d, x=3+% hence 3+^16— i^, or 



78 11, *y iA 

i9+9y==9i^—4y i whence >=j3=8, and x=lo — g — 19 






* 1 



6. H««^+|===>©,and«:^::4iS;flien,frointhelttar= 

2 3 

1«-S, and from the2dx=^,heuce,^ia— ^,or 43/ 

64 ^ , 4tf 36 ,_ 
3e64^S$ ; whence y=-^9i and a:=-^=-|-=:12i 

7. H«i« je+y5=80, and y^-j^ * ******' '^'^*" ^ ^**' 
fca;^^, and froto the td x=^, hence ^ =:8<V-y, or Oy + 

liys:«40, whctoce y=^=«:37H,andx=8a-af=^8d--«7Y;j 

6 
=3=42*-^.' 



3. Here y— 6=|, and x=y+6 ; then, from the itt, *== 

8y— is, and therefore, by equality, 8y^l2=y+6 ; whence 
^18, and a?=H-«==18+fi~24; 



i 



6T 



JLVLK IT. 
<XA1»PZ«X8 FOB PAAOtlCS. 

i. Mere >-|-7y:=:99, and ^7£=:51 ; then, fnm ttue M 

^i:ss603— 49|f; wl^ich Talae^ beings subttitoted ^ «, ia tile 

.■«soiid,«ir^ |+7(6Wr49^)=51,pF24fl0y=?:a360a.Ffc!»»ct 
^=14, aiid«==69ar--49]ps693-r^86aBB7. 

«. Here|r.l2=»Jf8,end?±2+*^8r=fc^ ^ »j 
lUeo, lr«. me .ecood, x=i33^;wl»i^^e|,>e^^ 

Mbetitutea for x, in the first gkes ^y^^^^^ -lg=|+$t 
or, clearing of fractioiis and transposing^ 11^4409 or y== 

3. Herea?-(-y=« &od x^ — y'^<2; then, from the first, 
J B — fr — y , or x^=rf*<-r^-|-5r' ; which ralne being saibstifii- 

ted for «, in the 2d, gives t«-r-2*3H-Sf* -if* ==<^j or jp=-r^ 



*«-^ s«+d 



4. Here 5ap^-Sy=:150, and 10«-j-15y==835 ; then, fnom 
^e lst,j?== J g > which vaine being snbititnted for^t 

in the second, we shall byre v^ ■ ^ -f I5y=82fi| or 2ly 

=525^ whence y==-— =52$, and x= ^ ^=. 3 

^45. 
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5^ Here a;+y:=:16, and a; : y : : 3 : 1 r theB, from the 2J, 
t=3y which value of «p, being substituted in the 1st, we shall 
hare Sy+y^ie^ pr y=:4, and coosequently «t=l^. 

6. Here ar+|=12, and y4:^=9 ; th«n frem the 2d, «= 
18— 2y ; which yalue, being substituted in the Ist we shall 

' haife lfi-^2y-li|=12 ; hence y==4, and ar=l(K 

7. Here ar : y : : 3 : 2, and a?» — y»=20 ; then, from Milst, 
«=Y> or «» =-|-^ which value ibeing substituted in Hie ~^ 

jfivcy£2-^ys —20^ ^^ y85=i6, hence y=^i6=4 and x=^ 

2 

«. He«|-12=:|+ 13. and ^|:fie=!^W; 

then, fipom the 2d, x= — "^^ ^^^ y^vLe, being substi- 
tuted in the 1st, we shall have £5?Z:?2^=y J. 25 j hence, 

4 4 

hf traiuiposisgaiid reducing 28y=560, or y=— <i=:20, ani 

RULE III. 
EXAMPLES FOR PRACTICE. 

Ex. 1. Here ^iif6y==21, and Jil=23--6«; then, 

from the Ist, a7+24y==76, and from the 2d, y+15ar=63. 
Multipljr the 1st by 15, and we hare 15a;+3609=1140, then 
subtract the 2d equation from this, and we shall hare 359* 

1077 
=1077, or y=-g^=:3, and from the first, x=:76— 24j=76 

—72=4. 
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Ex» $. Here 3a?-|-7y=s579, atid 3y=9+" ; then, from 

tbe 2d, 4y — jr=18. MuUiplj this equation by 3, and we 

have ISy — ^39=54, to which add the Ut, and we shall have 

133 
19y==133, or y=:-— =7, and, hence from the 2d equation 

xss4f lttTTTg8^18=;10. 

Ex. 3. Here 30a;+40y=270, and 50«+30y=334C ; then, 
multiplying the Ist by 5, and the 3d by 3, we shall have 
150J(-|-200y=1350, and ]50ar+90y=:.1020, then, by sub- 
tracting the latter from the former, gives 1 10y=330, or jp=sr 

330 ^ ^ ^ .u , . 270— 40y 270—120 , 
— =3, and from the 1st a?= — 55—^= — 35 — ^5- 

Ex. 4. Here 3« — 3y=2a^4-2y, and ar+y : xy : : 3 : 5 ; then, 

from the Ist x=s5y, and from the 2d, 5a?-|-^jF=33y» or by 

Bubstituting the value of a?, found from the 1st, we shall 

have 25y4*^y=l&y*) sind dividing by y and transposing y= 

30 

=^ 2, and x=5y=10. 

Ex. 5. Here«2y^xy*=30,and«»+y*=35; then, add- 
ing 3 times the 1st equation to the 2d, givee a? ^ •{-$«* y-^3ary^ 
-4*y'==«t25, and by extracting the cube root a7-(-y=r5, and, 
from the 1st («+y)xyc=:30, hence by substitution bxysacSO^ 
orx3f=6, and ««-j-2a?y+y'=^» from which subtract 4 
times the httt equation, sad we shall have o;^— 2ay4~y^=^ 
Mid by evoL x — y=l) adding tbia equation to a?-f'lf=5> and 
sinll bare 2«==6, or x=3, whence y=.2. 
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Ex.6. Here2f=5M=!dhy_3, a«i _8^.^ * 

-f-|; then, from the first, 27^ — lla:=30, and from the Sd, 

9x — ^2^=96. Multiplying the 1st of these equations by 2, 
and the second by 27, we shall have 54y — ^22^=60, and 243a; 
— 54^=2592 ; then, by adding the two last equations tog«- 

aocA 

ther, we have 221* = 2652, or a? = -^^7-= 12, and 9x — 

221 

2y = 96, hence 2^=9a;~ 96=108— 96 = 12, hmcey= 

Ex. 7. In the first of the two equations (jc+y) : tf : : («— yj 

: by and a:' — y*=€ ; 

.-. 6(a?+y)=«{ar— y), or (6+a)y=(«— 6)dr, 

Whence y=^j«. and y»=l-pi-x« 

Substitute this for y^ in the 2d equation, and we hare x* — 

^a {(a+by^(a^hy ] =c(«-|-ft)*, or 
a:«{4a&)=c(a+*)' ; whence a? »«=^^2±^)1 ro 

4<Mr 

'^'^^^^ab' y -"^ ^ iS ' 45!~' 

o*" y=-ir~v T the answer 
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£x« 8. Ghren ax-^hy=zc ) ^ 

dx+ey=:zf] 

Mult. 1 8t by J, dax+dify=dc 

Mult. 2d by a, dax+aey=:af 

By subt. £?Jy — aey=zdc — «/* 

Whence »=^^=:2/=«/z^ ^ 

Mult. Ist by c, €iM7+e6y=fc 
Mult. 2d by J, 6rfar+c5y=6/* 
By subtraction eax—bdx^^eC'^-'-bf 

Whence x=?^=^-i:^ 
eo — bd bd — ea 

Ex. 9. Giye&x4-y=:a)anda?^^^3=&. 
Here divide a?« — y « =5 

by a?+y=o ; and we hare x — y=- 

Whence by add, 2a:=a+-, or a:= — ~- 

•^ . 'a 2a 

And by subt. 2v=a — , or « = — ^^ 
' ^ a ^ 2a 

Ex. 10. Here a?>+ary:^a > 

By add. a?'4~^^^9^=<M"^> ^nr 

(a:+y)*=a+^, or a?+y=v'(a+6)^ 

Noir the two proposed equations may be put under the 
form 

y(»-H)=*> or y-/(a+6)=6 
Whence by diTi6!on,a:=: ^^^^ ; and y ^^(^ 
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The Resolution of Simple EquoHont^ caniammg three or 
more wdcnoton Qttantities, 

PRACTICAL EXAMPLES. 



= 53) 
=105 > 
=134) 



ZjCf, 3. GivQn a?+ y+ «= 

• Subtract 1 81 from 2d, jH-2a5=:52 ) 
Subtract 2d from 3d, y+ 35=29 J 

Now, subtracting the latter from the preceding^ one, we 
have 2J=23. 

Also from the last y=c29— 2=29— 23=6, 
And from the first ar=53—y—«=53— 29=24, _ 
That is «=24, y=6, aad «=23. 

Ex. 4. Given a?+J^+iJS=32 ) 

Multiplying the first by 6, and the second and third by 
60, we have 

6x-)-\3y4- 225=192) 
20a?+l&3H-^2«=900 > 
15ar+i2y+10»=720 ) 
Again multiply the first by 10, the second by 3, and the 
third by 4, give 

66ar+30y+203?=1920 
60ar-|-45y-{-362;=2700 

60a74-48y4'^0''^^^ 
Subtracting now the first of these, from the 2d, and the 
second from the 9d, we have 

Idy-f 16«=780 I 
3y+ 4*=180( 

Mttlt. the latter by 5, 1 By+iOzr=i9eO 
Subtract - - - - 16y+16«=780 

42=120, or 9==S0 

180—42 ^^ , ^^2— 3y— 22_,^ 
But y= — - — =20, and «= ^ ^=12 

^refore x=12, y=20, and 2=30« 
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Ex* 5. GiroB 7d^^5y+2^B== 79 

Multiply the first by 8, the second by 7, and the third by 
56, and we have 

56a?+ 40y+ 16«= 632 ) 
Btfl:+ 49y+ 63«= 864 > 
66a?-i-224y+280z=3080 ) 

Subtract the first from the second, and the leeond from 
Che third, and we obtain 

9y+ 472= 222 i 
175y+217z=2226 J 

Multiply the first of these by 175, and the second by 9, 
aad we hare 

1 575y4-82253f==38850 
1 675y+ 1 9632J=20034 

By subtraction, 6272»=18816, or «=3 

_ ^ 222— 472J ^ , 55--%— 62 ^ 

But y= r =9, and ar= — — -^^ =4 

"4 1 

That is, a?=:4, y=9, and 2=3. 



Ex. 6. Given x-\'y=^a 1 

y+2=c ) 



By addition, 2x+2y+2js=o-j-5-f"C> or 

x+ x+ x—ia+JtH^y 

From which, subtracting each of the three given equa^ 
ttons respectively, we have 

y= ka—ib+ic 

The values sought. 

jq2 
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Ex. 7. GiTen|f|+?=e2,Jftf 1=47, ana 

By cleariog of fractions^ these become 

6a?+4y+3a{=744, 20«+15y4-12i=2820, 
and I5a?+I2y+I0aj=2t80, 
Multiplying^ the first by 20, the second by 6, and the third 
by 8, we shall ha?e 

120«i:-{-80y+60x=14880 
1 20a?+90y4- 722=16920 
1 2007+ 9^y+S0z= 1 8240. 
And, subtracting^ the first of these equations from the se- 
cond^ and the second from the third, there will arise lOjf-f- 
12^:^2040, and 6y+8;K=:t320. 

Or, multiplying ttie first of these two equations by 3, and 
the second by 5, we shall ha?e 

30y+36«=6 120, and 30^40«=6600. 
Whence, by subtracting the former of these from tbe 
lalter, we have 4«=480, or 2J=120. 

And, consequently, by substitution and reduction, x:=:24, 
and 2P=:60. 

Ex. 8. Given 2J+y=a:+l60, y-^2a?=2« — 100, and 
«+100^3a:+3y ; then, by transposing, z+y-— 0^=100, 
y— .2a:— •^«=— iOO, and «— 3ar— 3y= — 100. And, by add- 
ing twice the first to the second, and subtracting the third 
from the first, we shall have 3y — 4a;= 100, and 2a^-|-4y=200; 
multiplying the second of tliese two equations by t, and 
adding the result to the first, we have 1 ly=500, or y=45^. 
And, consequently, by substitution and reduction, x^O^H-* 
and «=63-|^-. 

Ex. 9. Given j:+y4"*='^» 2a? — 3==y+32J, and 5a?+5« 
=3^+19; then, by adding the first to the second, and 3 
times the first to the third, and transposing the terms of the 
second and third, we shall have 3ar— 2^=10, and 8ar+8z= 
40. Or, dividing the latter of these two equations by 4, we 
have 2r-|-22=10, and, adding thir. to tlie foitnfir, 6xss^ or 
07=1, and, consequently, £=1, and ys^fL 
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3f-|*6a(— «=ae3 ; theiti adding 3 tMK» tiM thM to the fint, 
and 5 times the third to the second, we shsill tate 

t4ff+UiSis2U, and 13^+28^^:35$. 

Or« multiplying the first of these two e%iRtwns by 1% tnd 
the second hj 14, there will result^ 

183y-fl43z=2743, and 182y+392i8aK49M. 

And, sabtraoting the former frewi Hie latter, 

249«=mi,or«=^=9, 

And, ooBseqaently, by tabstittttioli and rednetion, v=8, 
and x=7. 

. Ex. 11. Given se^y^xxzl^^ j g .| y | tiTrr i?, aNfaHr*'^ 

18, and y-(~^^*==31; ^^®°9 assmne iSaor-f-^H"^ >^ 
the above equations will be trantfonaed into the following 
ones, 

5^— «=3l3,^.*^=3l7, S^^lBy and 6^x=zil. 

Add all these equations together, and we have 4S— jp— 
y— 2;_ti=69, that is, 45— (x+y+2+u)=89. 

But x+y+H^=^» tliereibre, 4.S— 5=69, or 35=69, 
and 5=23, and, consequently, by substituting, for 5 its valne 
io the four transforroed equations, we duJl have 

23 — u=13, 23— x=sl7, 23— $1918^ and 23— d;z21. 

And, coaseqneatly, d^=:2, y=6, «=6, and fi=10. ' 

SIMPLE EQUATIONS. 

Eju 1. Let one of the parts ssx^ 

Then the other will be =15—0?, 
And by the question 15«-dP=fa7, or 

60— 4«=3«, or 7«s:60 ; whence dr=4)9^=8-f, the one part; 

and 15 — a;=6f , the other. 

£s. 2. Let the value of the purfte be x ; then the mo- 
ney =7a? ; and by the qudtion 7ar-)-^=20, or 8«=?20, 
er »^^f^t^. 6d. the value of the purse, and, coo* 
sequdiiUy, 1 liv- a<i the moody cmitsined in it. 
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Ex. 3. Let tiie number of 8liaep.=» ; then, hj the ques- 
tion, a+ar+i^ay+T^ssSOO ; or 2ij'ar==492+ ; mult ^ 
2, 6a?=986 ; 
Whence, a?=^^=:197, the nimib«r eought ' - 

£x. 4. Let the length of the post =rar ; then, by the 
question, -Jor+^ir+lO^sa? ; multiply by 12, 3«+4«+ 
120=12a? ; 
Transposing, 5a;=120, or art=-4^l=:;24 Ibet, the an- 

Bvrer required. 

JElx. 6. Let the number of guineas =x ; then, x — ^x — 
T^a?=Tf$, or multiply by 20, 20a:— 5«— 3«=1440 ; 
whence 1207=1440, or a;=-^|^=120 guineas. 

£x. 6. Let B*8 share =ar, then, by the question, 
a's share s=2a;, 
B^s share s=:3x, 
Consequently, a7-|-^A^4-3dr=300, or 6x=300 ; whence 
x=^^=50;. n^s share, 2a;s=100l. a% share, and Sx= 
1501, c*s share. 

Ex. 7. Let the age of the wife at the time of the mar- 
riage =Xj and that of the husband Sx ; 

Then, after 15 years, their ages will be ap-(-15, and 
3a;+15 ; and, by the question, 3dr+l^=2(H~l^) » 

or 3«+15=2a?+30 ; 
Whence, by transposing, a?s=16, IIm age 0$ the wife ; 
and 307=45, the age of the husband. 



Ex. 8. Let the number sought =« ; then, by the ques- 
tion, X — 5 will be the remainder, and-^-r — ^sa=40 ; 

3 . 

whence, 207—10=120, or 207=130, and conseqneDt- 
ly, 07=^4^=65, the number sought 

Ex. 9. Let the less number of votem =0;, then the 
greater number =07-|-120, and, by the question, 
o;-|-o?+120=l296. 
Whence, 207=1296— 120=1176 ; consequently, agss688» 
for one candidate, and x+^20^10^f for the otber* 
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Ex. 10. L^C X represent Die ag*e of c, then 
3x is the age of b, aad 
Gx the age o( a. 

Now by the question, ar+3a>4-6ar=sl0«ssl40; wheooer 
=^2^=14 c»8 age, 3ar=42, b's age, and ea?=84=A»8 age. 

Ex. 1 1 . Let the equal turn laid cut by each be x : then 
A leaves off wiih ar+t!26, and b with x — 87; and by the 
question Jr+126=2(x— B7) ; or x+126=2a:— 1T4, 

Whence ar==300/. the first stock of each. 

Ex. 12. Let the price of the harness »« ; then the price 
of the horse =2x, and the price of the chaise =6ar ; and by 
thegnestion d?+2l^+6«=sed/. pr OorsdO ; 

Whence ;r=V^=ss6/. 13»v 4<f. the value of the harness; 
ftdpsdeis^tf 6#. M. fhe horse; SEnd 0xam4OL the chaise. 

Ex. 13. Let X denote the number of beggars ; then by 
the question 3x-^ was the number of pence be had about 

ffliich from the other part of the question may also be 
denoted by 2ar+3 ; ' 

Whence 3« — 8=2«+3, or, by transposing, «=:11, the 
BWDber of begfai;s« 

Ex. 14. Let a^ denote the value of the livery; then «4* 
8 is the whole amount of his hire for the year, or for 12 
months. 

Henee, as 12 : 7 : : ar-|-8 : -^^ — , the hire for 7 months ^ 

ISC 

but by the question the servtfttt leoehred x+2f f whence 
2db5£-=»4.2|, or 7«4-56^12a?+fe, 
And bjjf transposition 5ar=24, or ar=V^=4^/.=4/. 16ff. 

In the preceding examples only one unknown quantity 
has been employed, but it will be more convenient in many 
of the following questions to use two or more unknown let* 
teiB, according to the nature of the questien. 
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Ex. 16. Here let x denote the son^s abaM, ead y the 

daughter's ; 

Then the yalue of their shares will obyiously hare to 
each other the same ratio as half a crown to a sbilliqp ; tbat 
is, as 5 to 2. ' 

Hence, t^en, we have x : y : : 6 : 3 ) 

And a:-|-ys=$60 J 

By 
From the first 2x=5y, or 0;==-^ 

Whence from the second -i^-y=660 
or 5^2y=7y=1120 : whence ys-LJ^sieoi* 
the daughter^ share, and x =^ = 400i. the iim% 
share. 



Ex. 16. Here it may be obsenred, that every number 
consisting of two digits is equal to 10 times the digit in the 
tens place pins that in the units. 

If therefore x be put for the former, and y ibr the latter, 
the number itself will be denoted by 10Ji^-|-y ; and t^ nnm- 
bet with the digits inverted by 10^;r. 

H««eby,ue.tion. | j^^ Jjjtf ±?i+*. 

Whence the second equation gi?es 9a?— 9y=— •IS, 
or X— •ys:*-2, or xssy— « ; 

Which substituted in &e let, gives 10(2^*-2)+y=4 

(y— 2)+4y. 

And this, by multiplication and transposition, becomet 
lOy+y— 4y— 4y=20— 8, or 3y=18, 

Whence y;=:J^=:4, and «s:y.— 2=:2 ; 

Therefore the nniiri>er toqght is 24. 
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£z« 17» Let 0? represent the equal iAeciDe of- each; 
Chen by the questions, xH jearly expenditure ia -7-,andthat 

5 

ofB, -—+50; 

5 

16a: 
In four years, therefore, b spends ■- ^ - + 2 00 ; which ex- 

o 

caeds his income in the same time (viz. 4x) by 100 ; hence 

we hare the equation 

4^200=4a?+100, or 

1 6a:4- 1000=20ar+500 

Whence 4a:=500, or x = -— =125/. the income sought* 

Ex. 18. Let the number of persons in company be x^ 
and the number of shillings each paid =y ; then xy will be 
the whole reckoning. 

How had there been three persons more in company, viz. 
{X'^^'S)y each would hare paid (y— 1) shillings : whence we 
hare 

(«+3)(y— i)==«y; 

And from the other oondhions of the question, 

{a>-2)(y+l)=a:y. 
Whence, from actual mult^ication, these become 

And consequently by addition we hare 

2d?y+y — 5=2«y, 

Or» cancelling the 2xy on both sides, y — ^5=6, or y=5y 

the number of utiHings each paid. 

And by subtracting the second equation from the £rst, 

By — 2x — 1=0, 

6t/— 1 24 
WhenQe$x=:5y — l,or«=-~— =-—=12, the number 

oi persons in company. 

£x« 19. Let 07 denote the money he had" about him ; 
then by borrowing x and spending one shilling, he had left 
5ar— 1. 



Also, til th^ i^^ofd taTem, after borrowings 2»--l ; he 
had 4j^— 2 ; but spending one shilling he had left 4x — 3. 

At the third tavern, lie borrowed 4ap— 3, and tlien had 
8x— 6 ; and after spending one shilling, he had left 8f» — 7. 

At the fourth tavern, borrowing 8a: — 7, he had ICjp — 14 ; 
but after spending another shilling he had left 16a; — 15 ; 
which hf the quesfion is equal to nothing. 

W4ieao6 16ar-^15=sO, or drtn:-^ss:0». 1 1^ the mo&ej h* 
had at first. 

Ex. 20. Let X and y denote the two parts ; then by the 
qaestioD, 

a:4- ^=75, and 
3x — 7y=15 

Mult, the first by 3, 3«-f 3^32=325 

Subtract the 2d, 3a:— 7^=: 16 

And we have 10y=210 

210 
Whence y=-r:r=^l the least number, 
^10 

And jcs=7 5 — y= 54 the greiitest number. 



Ex. 21. Let a:=the wiiole quantity of the mixture ; 

then ix+2S wBttlie quantity of spirits, and 
ix — 5 the quantity of water. 

Which altogether mode the whole x ; therefore by addi- 
tion, J«-j-taH-20=» ; or by mult, by 6^, 
3x4-2a^+120=6x ; 

Whence, by transposing, a:=120, and conseq. 
j>a7-f»^^=3^ S^llons of spirits, 
•|ar— 6=35 gallons of water. 



Ex. 22. Let x= the number of guineas, and 
^ y=z the number of moidores ; 

Then 21a;=: the shillings paid in guineas, 
And 27y3=: the shillings paid in moidores. 
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Now, the whole number of pieces UNed being' 100, «&d the 
number of >shilling8 paid being 2400, we have 

ap+ y= 100) 
21a?-f27y=2400 f 

Multiply the fint by 37, and we shall hare ^ 

27ar+27y=2700. I 

The second 21x-f 27y=2400 

Hance^ bj subtraction, 6x=300, or x=50, the number 
of guineas ; and, consequently, y=100— ^o;, or y=50, the 
number of moidores* 

Ex. 23. Letir )>e the nnmher of days ; (heo* 14dp miles 
will be travelled by one, and 16j? miles by the other. 

Hence, 30a;=197, or a;=-i^=s6d. I3ib« the time required. 

Bx. 94. Let X denote the weight of the body ; then, 
^4"^ ^ ^ weight of the head, and, by the question, x=^x 
+H-9, or^=18; 

¥riience, a:=236, the weight of the body, ^a:+9=27, the 
weight of the head, and 9, tho weight of the tail ; conse- 
quenUy, 36+27+9=:72/&«. tb^ Weight of the fish. 

Another SohOhiu 



Let 2x= the weig^ht of the body ; 
then, I j e r^ the' weight of the tail. 

.•. 9+9+«=2a: ; 
by transposition, x=18 ; 
.*. the fish weighed 36+27+9=27/&«. 

Ex. 26. Let ^, -, and 2» represent tbe threo parts re-^ 

qniradv and the three latter conditions of tbe question will 
be aniwered; 

For, the first multiplied by 2, the teoond by 3, aod the 
thinl by 4, will obviously, be all equal to », and therefore^ 
equal to each other. 

Hence, then. It only remains to fulfil the equ«ti<|D« 



82 

Or, muUiplyiog by 1?, to clear it of fractions, 

6j?+4x+3j:=:120, 

Whence, 13a?=l20, or x=Y^. 

_ r ' 120 a 120 ^ 1 . 120 ^4 
Therefore, --=4—-, — -—-=37-, and TtrTT^^T^^u* 

th§ parts soun^ht. 

Ex. 26. Let 2Xy 3a;, and 4x, be the three parts ; then, it 
is obvious that ^ the first, ^ of the second, and •}- of the third 
arc equal to each other ; 

Wherefore, there only remains the equation 

2a:4"3«+4ap=36, 

Whence, 9x=36, or x= V=4, 

Consequently, 2ar=8, 3x=12, and 4a;=16, are the parts 
rcquiitid. 

Ex. 27. Let the value of the first horse be x, and of the 
second y ; then, by the question, 

J+50=3xS or, by transposition, 

2y — x=50 > 
— y+3a:=60 ( 

Multiply the latter by 2, and wc shall have 

— 2y-|-6ar= too ; to which adding^ 
2y — d?= 60, wc have 

5a;=1 50, or x=30/ the value of the first 
horse ; and, from the second eqoaticD, y=^3a? — 50=40/« the 
value of the second. 

Ex. 28. JjCt a:=A^s money, and y=B*s. Then, when b 
pves A 5«. the latter will have a:-{-5, and the former 
and if a gives n 5«. then a will have d?— >5, and » y^5 

Now, by the question. \ '^ggz|j 

Or, multiplying^ and transposing^, 

2a:-r- y=15 > 
— a:+3y=20 ^ 



» 
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Moltiply the tatter by 2, and we shall hare 
— ^Sx-4'^y=^* ^^ %Fhich adding^ 
2x — ^=15, the aiirn gives 

5y=55, or y=l I, b's money, 

And 5d:=l5+y, or a?= — ~-^= — i^ — =13, a's money* 

Ex. 29. Let X and y be Ihc two numbers; then, by the 
question, the diflTurcncc is to the sum as 2 : 3, and the sum 
to the product as 3 : 5 ; that i«, 

X — y : J:+y : : 2 : 3 
J?-f^y : Xf/ ; : 3 : 5 

Which, by multifdying- extremes and means, gWcn 
3x— 3y=2a?+2y ) 
5ar4-^y=3ary J 
From the first. ar=dy ; which, substituted in the aecondt 
gives 

25y+5y=15y« 
Heiice» divtdiogp by y« and iransposinff, 

15y=30 ; or y=2^ one nuiid>er, 
And ^7=5^=10, the other. 

Ex. 30. Let x^ the number of sliillinp;s he had at first ; 

then, by the question, he lost -Jo?, and, therefore, had ^x \e(t^ 

to which he won 3f. 

3a7-4-l2 
Alter thist he liad f a>-f-3r=:^^--^- — ^ of which last he lost 

4 

one-third, and Iiad then two-ihirds of it remaining; viz. 
-jt-^ — ; to which adding 2*. won, lie iiad — 3 — . 
Then losing one*seventh of this, he had six-sevenths of it, vis* 
• left ; wliich, by the question, was 12*. 

36a?+2RR 
Whence ~ =t:12, or36a:+288=I008 ; 

And, consequently, 06ap=72O, or ar:^20«. the money he 
had at the bcgioning. .. 
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Ex. 31. Let X be the number of lei^s the greyhound 
takes, and y the length of each ; then, by the question, 

3 : 4 : : or : ^x^ the number the hare takes, and 
3 : 2 : : y : -fy, the length of each ; 

But the hare being 50 of her leaps before the greyhound, 
he has to pass over ^or-f-^O leaps of the hare. Now, each 
of these, viz. x and ^X'\-SO^ multiplied by their respective 
lengths, will obviously Le equal ; viK. 

Or, dividing each side by y, and reducing, 

3ar=far+l00, or 9a?— 8»=300. 

Wheocci dtsstdOO, the number of leaps the greyhound 
takes before he catches the bare. 

Let 3d;= the number of leaps the greyhound must take ; 
••,Ax— the number the hare takes in the aaoie timey 
and 4ar-|>50= the whole number she fakes ; 

but 2 : 3 : : 3x : Ax^hO ; 

.% 9ar=8jp-f-100; 
by transposition, 0;?= 100. 
Hence, the greyhound must take 300 leapt. 

Ex. 32. Put 10, Xy y, and «, for the four parts; and let 
m be that quantity to which each part becomes equal afker 
the operations expressed in the questibn are perfjrmed ; 

Then we shall hare ll^^-af+y+■«=90. 
i^lsoiH-S=m1 



X — 2=^m 



Or 



=m+2 
m 



Whence adding together the four la^t equationt 
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Of substituting^ 90 for v:^x-^y'^% from tlie first 
4m+J=:90, or 9m=l80; whemte #;i=20 ; corisequcn(ly» 
Vf=:m^2=l9; a?=m+2=*22; 2^=|=I0; and z=:m=40, 
the parts required. 

Ex. 3. Let Xy y, and z be tlie tliroe numbers ; tlicn by 
the question x^y-^z=324^ a? .' 2 : : 5 : 7, and X'\-z=^2i/, or 
x-|-2'~^^=0, nuw, b? subtractinf): the last equation fioin 
the first, we have 3y==3^4, or ^=^-4=108, and, conbe- 
qoeatly, by substitution and reduction a:=:90, and z=l26. 

Ex. 34. Let X be the number of days the man would be 
in dricking it by himself ; then ^ tvill be the quantity he 
drinks in a day, and jj^^ is tlie quantity the woman drinks 
10 a day : 

Therefore the quantity both drink together is f-t'b^o > 

But by the question, lS(i^-3^,)=^» or multiplying by 

3(lx, 360+1 2a:=30j:; whcucqi- by transposing, Hx=360, 

or x^20, the number of days soug^ht. 

Ex. 35. Let x be the number of men in the side of tlic 
less square, and x-^-X the number in the side of the greater ; 
tlien »^ «viU bo the whole number of men in ihe former, 
and (a:+l)2=ar^+?j:+l in \\ie latter : 

Whence a?'+284, and a:*4"^^+^ — ^^ *^*'' ^^^^* express 
the whole numker of men ; from which wc have this equa- 
tion, 

a?9+2a:— 24=a:«+264, or 

2a:=2a 1+24=308 

Whence a:=]54 ; and consequently 

o:^ +284=24000, the whole uumber of men. 

Ex. 36. Let x^ y^ and 2, be the number of days in which 
A, B, an4 c, respectively would finish tho work ; then 

A will do - part of it in ono day, 

X 

B will do - part, and c - part. 
y » 

VL2 



86 

Then, by the question we shall have 

1, i_r 

14.1=1 
p"« 10 

And consequently by addition 

£,2,2_1. 1, ji_m 

Or by diyision, 

1,1, 1_ 121^ 

From this subtracting each of the three int equatioBi, 
1_31 720 ^ 7 

' 1_41 720 23 

y""720' ^'"' 3^ IT '^^''' 41"= ^*y* ^^"^ * 
1_ 49 720 34 

QUADRATIC EQUATIONS. 

XXAMPLEB FOR PRACTICE. 

£x. 1. Given a?'..-8ar-|-lO=19; 
By transp. x^ — 8ar= 9 ^ 

Whence «=4± %/(16+9)==4± 6, 
Therefore «=9, or *— l 
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X* — dratUO 
Whence x=i±V(^nO)^i± y/^, 

1 29 
Therefore 9f=^^dh -J-^IS, or —14. 

Ex. 3* Giren 3a?«4-2d:— 9==76 ; by tramp. 
3ar«+2ar=86, or ^'H-^ar^y ; whence 

Therefore «==1± M = 5, or -^^ ' 
Ex. 4. Girenlop^— la?+7|=8; by tranap. 

2^-3' = 8'^'*'~3* = T 

Whence ar=l±^(l4i?)=l±v'l£ 
3 ^ ^9^ 8 -^ 3 ^ 36 

Therefore ar=l± ^ = 1 1, or-| 

Ex. 6. 6iren-x — 3V^*=22- 

2 1 

Molt, by 2 ; x-^-y/x^^^ ; whence 

'/«=5± -/(9+-3-)-3 ± V -9- 
Thewfow ^/«=(1 ± y)=7, or =J^, 

CMMq. «=7«=4», or (^y = ^ 
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Ex. 6. Given a:+v'(6d:+10)=8 
By transposing^ v^(5a>4-10-)==3— «, 

By squaring^ 5x+lO=64— ISar-f-^'y 
Whefea?'*— «la?=— 54; therefore 

21 . ,,441 ^ ., 21 . ,226 

' 2t 15 
That is a: = —±—=18,* or 3, the unwer. . 

Ex.7. Giren(l(H-a?)*— (10 + a?)^=2. 

Here, since the first index is double the second, the eqtift' 
tion is a quadratic ; therefore by the rule 

Whence (104.a:j^=2 ; (l0+a?)*=4, 10+«=:I6, 

and 07=6. 

Ex. 8. Given 2a?*^ar*+96=99 ; bytransp. 

1 3 

2ar*— a:'=3, or a:*— sa?«= - 

2 2 

Whence *»=l±V(l+|)=l±^g. 

Therefore ar' =-, and a?=^/-=:--x/6. 

4 ^4 2^ 

Ex. 9. Given a:«+20ar3-«i 0=59; by trans. x*+SO«* 
=69; whence ar'^rz—lOi-y (100+69)=— 10± 13=3 or 
—23; anda:=V3, or— V23. 



* Thii value of « does not enswer the condition of the question ; 
bactase, from ihc trmn^potfd equation, c must be leu then S. See my 
.Mc ' — TnatUc o» Mge^ TfmntietU atid PracUcoL 
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Ex. 10. Given Sar^"*— '2ar»+3=:U ; by traDspodtioir, 

3«»V-.2ar«=8, or x^~ ar»»= - 
' 3 3 

Therefore j?»=-c=:2, and x^T' 

Ex. 11. Giren 5 Va?— 3>/ar=;lf , or 
Zy/Xm^\/X^^l^'^ tl)e& 

By division x^ — os*z=J~ 



Ex. 12. Oiren -x^ (^ta:^)=!U.%gi 



MuJt. by -, and we have a?V(3+2jr«)a=:ij-*» 
Sqnwring, 3««+2;p*ci:^5j:«+afS 
Wbencear*+^2 = ^5 thfM)re by the rule 

"^•-T^^^Ie+is^^^^t/iG* 

orar8«_-t^^2, ora?==^V'(-^3±3^/f) 
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Ex. 13. GiTcn Xyf{ — a?)=-^ ; molt, by -/a?, 

X ^ X 

a.^(6— x»)=l+a?* ; or by squarinff 

Whence 2a?*— 4ar«=— 1, or a:*— 2a?»=-H^ 
Therefore ar«=l±v'(l—^)=l±4'\^2, 
ConsequeDtly «=>/(l ± W^)* 

Ex. 14. Gi?en V(l— a?3)=ar* ; mamplyiogr by «, 

ar 

we have v'(I— a;»)=x', or l7-ra:«=:a?« 
or ^•+a?8=i ; whence also we have, 

ar»=-^±V(++l)=^±W5,or 
Ex.15. GiTenx^^{--l)=v'(x«— **)•* By»qiiarinff 

X 

ax-^x^—x* — ft«,or2x*— a»=:6*, 
Thati8a:«--x=-, or ^=4±>/l75+T^=4=t+%/ 

Ex. 16. Given v'(1+a?-.ar«)— 2(l+ar— a?«)=5 



9 



Here (l+ar-a:«)-l(l+x-.ar«)*=-^, 



XI .. 1 1 



Therefore (1+*— »»)a=-±x/(^-j5)= 
1 2 1 , 1 1 . 1- t * 

4^^ TB:i8=^4^^i4r=4=tT5=5^^'6' 

CoaseqttCQtly 1+*— ^'^(j)' =9' ^ %^* ~ai 
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Fran the fint, we hate x*—t=^, whieh ^rcs 
Fram the teoood, ne have «'— oe^fi-, which givo* 

Ex. 17. G*Feii V(^-4)+^^(^ — i)=*» 

Mult by V(«^--)— %/(! ')» and wo have 

ap— l=Xx/(a? )— aF^(l — ) ; divide by ar, 

1— 1 = y/(x — -)— >/ (I — -), and from tbe first, 

X X X ■> 

«=i/(«— -)+V(l — -) » therefore, 

X X 

1 1 

l+x — =2y/(x — ), or, which is the same, 

X X 

(x — ) — ^2^/ («—-)+ 1=0 ; or, by extracting^, 
V(^— •)— ^=^> o' X— -=!, or ««— af=l, 

X X 

Consequently, x=^i: ^^Ci+l )=» ± W^' 

Ex. 18. Qiren «^— 2«'*+«"=6 ;• then this expression 
iscfidently = to{ar**— jr")*— (a:'»— a?'«)=6. Pot y=«2ii.a.» . 
then, y«— y=6, and^*— y++=6+i=*j^, by completing the 



• See Note, pai^ 134, in the book, for the method of resolving 
thiB, And the eqiMtio» io the flowing eumple iato fiM;tbr»; or my 
Tieatise on Algebra. 
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square; y— -j==f=?2<j-, by extractinf the root. Whence, 
y:=3 ; therefore, x^' — a;"=3 ; and, completing^ the square, 
ar««—a:n^^=:3JL=-yL, ora?« — }=^^13, by extracting the 
root; therefore, a?»»==:^^x/ 13, and x=cV(^^-^/13), the 
Ans. . . 

Ex. 19. Given x*^'2x^'\'X=a, Here, this equation maT 
be expressed thus, («*— a?)*— <a?*— t*)=a; tboo, C^— «)* 
— (a:* — «)-j-+=«-H-> by completing the square ; x* » '■ 
•J-=± >/(«++), by extracting the root ; and «* — a:=4'± >/ 
(a+i). Again, ar*— ar+i=f±-/(a-H), by comfrfetinir 
the square; a? — }'=\/[^±>/(a+i)], by extracting the 
root ; therefore, a?=idb N/tl± V («++)]> the Ans. 



QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 

QUESTIONS FOR PRACTICE. 

Ex. 1. Let X and y represent the two parts ; then ire 
have x+yt=40, and x^+y^ =818, 

From the first, a:=40— y, or x«=1600— 80y+y^, 

By substitution, 1600— 80y-|-2y> =818, or 

%*— 80y=— 782, or y*— 40y=— 391, 

Whence, y=20dbN/(400— 391)=20:i:3=23,.or 17, 

But ar=40— y=17, or S3 ; 

Therefore, 17 and 23 are the pcrts loiiglit. 

Ex* 2. Let dp represent the nnraber aonght ; 
Then, by the question, (10— «)x=21, or »*— 10«=>-21, 
Whence, x=:S± >/(26— 2I)=5±2=37, or 3. 



Ex. 3. Let «and y be the two paiii ; then» by the qaes- 

35(ap— ^j 



tion, we hare «+y=24 ) 
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Here, «=24-«^, which, snbstitnted in the second oqaa- 
tioiiy givee 35(24^?y)^y(S4-^y), or 

840— 70y=«4y— y*, or y^ -^dAy^-^AOj 

Whence, y=47i: v'(47^— «40)=47±37=IO, or 84.* 

CoQsequeoUjr, X3=24 — y=24 — 10=14. 

Ex. 4. Let one part =x : then, (he other will be 30— a?, 
And, by the question, 20(S0—jr)=^', or jr^-fS0a?sa40O, 
Therefore, a?=— 10^^/(100+400)=— 10+10/5, 
And the other part ssc20— a?=30*-10\/5* 

£z. 5. Let X and y represent the two parts ; then, 
x+ys=:60, ami xy : x^+y^ : :t: 5, or 

x+y=60, and -^^x^ +y « , 

S^oaringr ^^ ^ni, «»+2ary+y^s:3e6e, 
Subtract the 8ecoBd,'X>**^j«y+y^=&0, 

We have 4J'ary=:3600, or jcy=-— =800, 

800 
From this we have x= ; which, substituted in the first, 

800 ^ 

gPives |-y=60, or y'^— 80^=2— 800, 

Whence, y=30± v^rQOO— 800)=30i: 10=40, or 20, 
• Consequently, ar=60— 40=20, or 60 — ^20=^40. 

In all quadratics of this kind, hi wliich x maybe ohang^ed 
for y, and y for Xj in the origimQ eqnationa. Without atfeirinf 
their form, the two values of one of the quantities may be 
taken for the values of the two quantities sa«g;ht 

£x. 6, Here, ip ordte to avoid radicals, let us aasyae 

x' and y^ for the two parts ; then, by the question, 

jp2+y'=146, and »— y=6. -- 

Which may now be solved the same as £t. 1. Another 
method is as follows : 



* This Tsloe of y docs not soswer the cOrtlitions of the question. 

1 
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By «i«aring the Mcond, .*'-*^,»I='i£ 

Subt; it from twice the first, »»» , +V=*»* 

And we hare «* +«*»+ y " =2S6 

Hence, by extracting x+y=:l6 

But «— y= 6 

Whenc6, by addition, 2a?=22, or a:=lX, and x«=l«l. 
And, by subtraction, 2y=10, or y=5, and y*=26. 

Ex. 7. Let a? and y represont tbe tiro nnmben i 
Then, by the question, a;+y=20 ) 
And a?y=36 J 

Squaring the first, a:»+2ay+y« =400 

Subtract 4 times the second, 4a?y = 1 44 
And we have a:«— 2a?s'+y*=»2ftO 

Whence, a?— y==l6 ; and since also ap+y=20 
by addition we have also 2ar=36, or ar=18 
And by subtraction 2y= 4, or y= 2 

Bii< the mor$ direct sohOion is a$ follows : 

36 
From the second equation «= — , which substituted in 

y 

the first gives ^y=20, or y» -f|0y==-"36. 

Whence y==10±-^(100— 36)=10i:8esia or 2, 
Therefore 18 and 2 are the parts sonf^t* 

Ex. 8. Let 0? and y be the two mrnibers, and conse- 
quently i and - their reeiprocals. Then by the question 
X y • " 

A 1 1 16 16jpy 

r=- and —4--= — ; where the 2d becomes «+y=— t— ' 
3 0?^ y 5 » 

\%xy 4 20 5 

Whence -g^^ «»-*!'=45=T2 

Consequently 0:= — ; which substituted in the first 

12y 
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Whence y=^dz v^fx — ^)=« ± «=st or -, 
^ 3-^^^9 12' 3 6 2' 6 

1 5 

Therefore ^ and ^ are the quantities sought. 

£x. 9. Let X and y represent the two numbers. 

Then by the question a>*-y=:15, and ^=y'. 

The second equation gives a:y=2y', or x=%y^^ 
Whence bj substitution in the first, we have 

2y« — y=15, ory' — Jy=---; andhenoe 

ConseqwcnUsr ar=15+y=16-f3=18. 

Here the Inro Tafaies of y are not those of x and y, be- 
cause y is made to represent the leas number, and cannot, 
therefore, be changed lor x without altering tiie conditiona 
of the questiQa. 

• 

Ex. 10. Let X and y be the two numbers ; then by the 
question a;— -y=6, and x^ — y*=1685, 

By die 1st «=5+y, or ar»=125+75y+15y»+y* 
Consequently /125+76y+16y«+y8—y8=1686, 
That is, diridittg by 16, y*+6y=104, 



Whence SF=-2-=t v^C-j+l^)* ^ y="r+T=^ 5 

Therefore a:=5-|-y=54'8a=:13. 

Consequently 8 and 13 are the numbers required. 



m 

Ex. 11. Let X be the nomber of pieces, und y the thil- 
lin j;8 that each pacce cost ; then by the questioa 

ary=675, and 48xs=±675+y. 

673 
From the Ist, y= — ; whence by substitution we hare 

X 

675 
48x=:675H , or 48ar«— 675ar=675, 

rt a 225 225 , 

* Or a?» — -- X = — r ; whence 
Iti lU. 

^25 . , ,225 « , 225 ^ 2?5 , 255 , , 

And y= — ^=:— -=45» the shillings each cost. 

Ex. 12. I^ft X and y represent the two nuDibers ; then 
by the question Je<Jf+y)=77, or x^^xy=:17f 

And y(ar— y)=t2, orxy-^SsfS. 

' By subtmetion we hare a:*+jr*=W ; whence y*=^/ 
- (65— «'} ; which by substitution in the ^rst, giret 

77— ^* 

''4-ar^r65— x«^=77. or ^(65— jc'te ^ ■ 

-or 



a.«+a.^(65— x«)=77, or ^^(65— «»)= 
And by aqvarioff, a5^ar«=!?^3!zd[£i^±tf! 



2«<-^lto»*=— Si^29, or«*-* ?!?««=— «9e4j' 

219 910' 

Whence ap»=fi?±^(!ll.«2964X), or 
- *I9.23 242 ^^, 196 ^^ 

Consequently x=:>/60}« or ^49=7 ; and adopting the 
latter y=v^(65— ar^)=:v'(6«— 49)=r4 ; that is, 7 and 4 are 
the two numbers required. 
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fi^. 13. Let a(rrepT;e890t the number of sheep, aady the 
shutings each cost, and consequently y+^y what 'they sold 
for ; then by the question we have 

And (a?-^16)(y+2)ff?:108a J ' ^® *"®' 

by nmlt^p}ynig, gfives xy+ftx^t&f'^SQ:!s%9S0f 

Or since 0:^=1200, we have 2a>-«!%=:-^90. 

_, . 1200 . _ 18000 ... V *i*. 1 J 
Xfowjfts- ; and 16||rs=^^- ; whicsh substituted 

m the latter, gives 2a: ==r-90, or 

OS 

fix* —18000=— 90a:, or a:« +45a:=9000, 

-— . —45 . .,45* , ^^^^. —46 . 196 „_ ., 

Whence »=-|-± v^(-j-+9000) =^—^± "Y^^^' ^* 

number of sheep, and -;rr-=16f« the price each cost. 

75 

Ex. 14* Let 9 = kssnumber, and «y the greater ; then 

xyxx^six^y* — a:2,and«'y*+a:*=a?3y' — ^a:',by theques* 
tion ; and, by division, y==y * -^1 , and y* +I=;pjf8 — x* From 
the first, y^'-^-^yzssi^ and, by completing the square, y*-— y-H 
•}^=l.f4^f ; therefore y.--^^^5, by extracting the rolot, 

ory=i-H->/5- Affain,a:==^^=i^(beoau8ey«==y+ 
*y=^5'/5>^(5H4v5)=^6+v^6), the Answer. 



jgy-^vgi.^r ' 4^ 



12 



98 

Ex, 15. Let (»i-|-n) and (m — n) represent the two num- 
bers, 
. Then bjr the question X"^-^'^) -^(m^^) '=s2n=8 
And . (»vffi)*—(m— II) ♦=14560 

Now (m+/i)*=tm<+4m«n+6wi«»«-t-4mfi'+«* 

• {iii--ii)*s5:ti»*— 4iit'«+6iii^n^--4»iii*+»* 
Whence by Miblnction Um^n+Qmn^ ^14560^ 
' Or by division, and substituting 11=4, we have 

m^+16m=r45S 
Mult, by m, m*+l6m*=455iii=65X7»i 
Add 49m' to both sides, and it becomes 

m * +65m» =49m» +65 X 7m 
Therefore by completing tiie square, 

m«+65«' +52_=(7«)«+e5(7»W-51- 

65 65 

Whence m' +—• =7m+ -5-? w ^* =:7iii> or flsi:=7 ; 

Consequently m-|-n=7-|-4=]l one number, 
And m— n=7— 4= 3 the other. 

Ex. 16. Lot a: he the whole nmnber of persottt, md y 
...ie number of shillings each wouki have had to pay ; thea 
after two were gone, the number w%s only (x— 3j, and their 
reckoning y-4* 10. Now by the question 

xysziits, and («— 2)(y+IO):=:176, 

From tlie latter ary+lOa;— 9y-«20=l7a, or 

. Since a?y=175, we have 10* — 2y=20, or So:— y=10 

1 75 • 1 76 
But y = ; thereford 6a:— =10, or Sa^ — 10c= 175» 

X X 

or x' — ^2a?=35, 
Whence x=l+^(1+36)=7, the number sought. 

Ex. 1 7. Let X be the number of persons at first, and y 
the shillings each would have received ; tlien x-(-2 was the 
number at last« and y — 1 what each actually receired: 
hence the following equations, 

«y:sl44, and (d4>2)(y— l)sl44, 



^9 

l*rom tbc latter^^Sy— a;*«'2=l44, or since x^^s 144 

« i. Li.. J^4 ,^ ^ 2«8 
2tf-«dr3s2 ; from the first v^ ; therefore — a:=2 ; 

OP 4? 

or ar^ +'?x=288 ; 
Con8equcjit!ya?=—l±v^(2$8+i)—— 1+17=16 Ads. 

fix. 18. Let — , x, yy and ^ rcpressnt any four ovm- 

y X 

bers in geometrical prog^rcssioo ; then ive have 



Make jr+yssi, and X2^=:r ; then will 



4 V* 



Here equations first and third are dr^Mvn from this con- 
sideration, that the aura pf tbc squares of any ttvo quanti- 
ties is equal to the square of llieir sum minus iha double 
rectangle of tbenu Wbeace by aUdinj;^ the first a.id ihiid* 
we have 



^^•+y'+^=*. or 

««-f(a— *)»— 4r=6, 
And fn>m the aooood we have x^-^y^^xyia^^ 

or aj^-{-y'=r(a— j»). 
Also since x ' +y ' r=:(jp-j-y) 3 — Zxy{x -f-y) or =.^3 — 3r» 

We have r(at — ^5)=*5— 3r*, or **=xjj~> 
Which value substituted for r in the above, gircs . 
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Whence 4#3— 4a»«+2a«#+2<w«— 2a'«+«*— 4**=2#ft 

+ab. 

Or by reduction and transposition^ 

2«*+2ft»=a' — aft, or 

ConscquenUy #= — ^± ^(_+_a» — ^), 

Where, by substituting ap=15 and ft=85, we obtain «=6 ; 

*' 216 ^ 

but r = r—i — =—-=8 

Hence then a7-(~^=6» ^^^ 07^=8 ; from which are deter- 
mined 07=2, and y=i ; and therefore the numbers sought 
willbel,2, 4, and8. 

Ex. 19. Let mr\'h be one of the numbers, and m — n the 
other ; then we shall have 

(ni+n) +(ii^— n) =11, or2m=ll 

(m+n)»+(f»— »)«=17a?l=a. 
Nowrm+n)»=m«+6m*fi+10m»n«+10ffi«n«4-5m«*+«», 
and (m--n)»=fn«--6m*n4-10i»»fi*— 10i*«n>-f6mn*— «». 

Consequently by addition we have 

10mii*+20m3n»+2m«=a, or 

Or substituting for m its value, found as above, in the 
coud term, we have 

. , 121 a a— 2m* 



lOn 

^vi « —121 , .,14641 , a— 2m» . 

Whence n«^>^±x/( ,, I ,^ ) 
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Wheoce, by substituting^ for a and m, wc derive 

n' = |-, or n= J ; cunsequcntlv, 
m+n=oH-li-=7, and jJ— 1^=4, 

That is, the tiro numbers arc 4 and 7. 

Ex. 20. Let a:— Sy, a:— y, a:+y, and ar+^y be the four 
numbers ; then, by the question, 

(a?--3y)(j:~y)(ar+y)(jr+2y)=17«985=<». 
or (««— 9y^)(ar^— y')=a. or or*-— I0a?*y^+9y<=a; 

Or, since by the question (a?+2y)— (a?+y)=2y=r4, or 
y=:2, this becomes 

or*— 40j:2 = |76841 ; 

Consequently, x'=20± ^(176841+ 400)=s441, 

Hence, a;=x/441=21,anda? — 2y=la,a?— y=19,x+y 
=23, and a;-|-3y=27, the number^ sought. 

Ex. 21. Let a?= the number of hour;^^ march of the first 
detachment, and y the miles per hour; then, a?-|-1 wilt be 
the hours of the second, and y — |- the mites per hour. 

Whence) by tiie question, we have 

«y=:39, and (a?+ 1 )(y — \) =39, or ary— ^ar+y— }=39 ; 

Or, since xy=39, we liavo — -J^aj-J-y — -^=0, 

or 4y— «'«=l. 

39 39 
A(^n, a? = — ; whence, 4y =1 , or 4y2— 39=y, 

Ory»— iy= V ; therefore, y=i4: v'(^+^)=A^=3i. 
Consequently, 3^ and 3 miles per haur arc their rates of 
irchiog. 



Ex. 22. . Let x and y represent the two numbers ; then, 
hy the question, 

««4.a:y=14e> 
y«— a:y= 78^ 

By addition, x'+y2=218, or y=v/f^2l8— x«). 

1 40 x^ 

But, by the first equation, y= ; 
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Whence =x/(218 — ^a?*) ; or by squaring^ and 

OS 

reducing 19600— •280ar*4-ar*=218ar"— a:*, or 

2a:*— 498ar«=— 19600, 
Whence, by dividing by 2, we have 
or*— 249a: '^=—9800; 
24.Q 240 ft 249 

That is, «^-|^± VC^ -9800), or «» =^± 

151 

-5-, viz. a: 2 =200*, or 49 ; therefore by adopting the latter 

140—49 
we shall have a:=7, and y= — = — ^=13 ; 

the numbers sought. 



Ex.23. Let a:^= greater, and y^^ less; a:'— y»=13/ft , 
and X — 2F=1^» ^y the question. Dividing the former equa* 
tion by the latter x^+xy+y^=:^Yf 

And x^ — ^2j;^4^^=^, squaring the 2d. 

Hence Zxy=^^=ilOf by subtracting. 

And, from the second equation x=H^y ; which Talue, 
being substituted for x in the above equation, and we hare 
SyX (l-J-4-y)=10, or 3(M"iy="V'> whence by completing the 

tiquare, and extracting the root y = — rg± \/( ,^ - < ^ )» 

* 

»' y=-n+i?=^3* ''•"'^ «=ig+ 13=22, »i»a. 

consequently a: 3= 15^, and y'=2— . 



* This value of x* does not sntwer the conditioo of the queitioQ ; 
because we tee from the first eqattion that x* mast be le?8 than 140. 
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ibc. 24. Let a? — y, a?, and x+y= the numbers ; then, 
(x— y)«+a;2^(ar+y)''=93, or 2x^+Zy^ =93, and 3(a?— y)+ 
4x+5{X'{'y)=6SyOrl^X'{'2y=:66^ by the question. From the 
second equation y=;=33— 607, hence y^=1089^396x4-36a;^, 
which Tadue being substituted for y in the finit« we sh^ll 
have 3a:»+2178— 792jp+72jfc93, or 254;«— 264a:=— e«5 ; 

132 . ^ / 17424 696 132 , 7 , 

whence ^=— ± V "eiT-ls-' °' ^="2? ^25' ^^^^^ 

139 
x=-jr^i or a7=:5, and by taking the latter value for x, we 

hare j^=:33— 6x^=13 ; and, consequently, the numbers are 
2, 5, and 8. 

Ex. 25. Let x, y, and z= the numbers ; then, x — y : y — 
t::x:z; whence xz^zy=xy — zXy or (a?-|-2j)y=2a;«. But 
a?-|-2;=191 — y, and a:2J=4032, by the question; 
Therefore (191— y)y=2x 4032, or y*— 191y= — 8064, 
Hence y=63; by completing the square, &c. 

Now ar+a5=191— y=191 — 63=128, and a?2J=4032. 
From the squaire of the first, a?*+2ar«+«*=16384, 
Take 4 tiroes the second, 4xz =16128. 

And we shall have x^ — Zxz^z^=^ 266. 

Or, X — «=16, and a:+2;=128 ; whence, by addition and 

subtraction, a:=72, and z=56. 
And, conseqXiently, 72, 63, and 56, are the numbers. 

£x. 26. . Let X denote the least number, and y the com^ 
mon difielreBce. Then the four numbers will be expresised 
by X, X'^y, x^Zy^ and or-f-Sy ; and the fomr specified surns 
by ap+^» *+y+4> a?4-2y+8, and «+3y-f-15. 

Whence, by the nature of geometrical proportionals, we 
have (,x+2}x(x^'2y+n)=(x+y+4y, and (x+2)x(x+ 
3y+15)=(a:+y+4)x(a?+2y+8) : that is, y^+4y=:2Xy and 
2y^-^\0y^2=i5x^ by multiplication and transpos. Hence 
6y « 4"20y=4y« +20y+4 ; therefore y^ =4, or y=2 ; whence 
<9=6; and,. consequently, the numbers are 6,. 8, 10, and 12. 

Ex. 27. Let a? and y= the numbers; then (ar+y)X 
(aj^-y)=a72— y2=5, and (x^+y^)X(x^'-y^)=e5, by t(ie 
4)ue8tion. By dividing the latter equation by the former^ 



^ I 
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we1iavca:'+y^=13 ; whence, by addition and subtraction, 
a;=3, and ^=;2. . 



Ex. 28. Let ar^= gfreater, and y*= ]cs8 ; then, „ 
y3+y, and x^-^y^ = \0, by the question. From the first, 
by adding^ ■}- lo both sides, we have a?' — ar+-j[-=5=y**4-y4-i-, 
and, by extracting the square root, ar— J=.y+^, or x=^y+l ; 
which vahie bein? shbslituled for x, in the second equation, 
we have y' +2^+1+^^=10, or y^+y=J, hence, y=— J 
±^-v/l9, and a?=y+l=i±Vl9. 

Alid, consequently, x^=:5+^^/l9, and y«=6 — J-V^^' 

Ex. 29. Let x=i sum, and y=^ difference ; then, «+y 
=s greater, and a;--y= less. Thereirore,a:*— y2^2«=61, 
and 2a:'+2y2— 2a:=0«, by the question ; or, dividi|ig the 
second equation by 2, we have a?^+y2— a:=;44 ; hence, by 
adding this to the first, we have 2a?*+a;=105, or«*+4jF== 

Whence, x^-i±y/ih+H^)=^—i±V^^^'-\± 
Y=7 r bence, y=\/(44--a:2-f a?)=:^(44— 49+7)=sv'2. 
Therefore, 7+v/2 and 1-^^/2 are the numbers. 

Ex. 30. Let a:= greater, and y = less ; then, (a? — y) X 
(a:3_ysr)=576^ and (a?+y) X (a?'+y«)=233C,by the quefttion ; 
that is, a?''— ar'y— a:y«+y»=r576, and ar5+x'y+j:y«+y3= 
2336; heace, 2a:«y+2ry2 = l760, by subtraction ; and, by 
adding this to tlie second equation, we have ar'^+Sar^y+Sary' 
+y 3=4096, or a:+y=^4096=l6, by extracting the cube 
root; but 2ar»y+i?a7y8==;2-cy(af+y)=ri76d ; then 3«arya= 
J 760, by substitution; or a?y=J"f p^^5. 

Whence, the sum and product being given, (by question 
7,)' we have ;r= 1 1 , and y=B. 

. Ex. 31. Let af, y,.aad ;?= the numbers ; then, x-^t^x 
=20,a?z=:y«, and a?2+y2+2;^ = Mb: From the first cquft- 
tion, a:+2;=20— y, ora72+2x^+j;=^400— 40y+y2 ; be»oe. 
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«*-4-«*4-2»'^==400— 40y+y*, by Bubstitution, opx»+»«+ 
y«=;400— 40y ; therefore 140=400— 40y, 40y=:40a— 140=9 
tSO, or y=^Si ; and, coDscquently, 

^20-y+^/(400-40i^3y«) ^e^f^3±. aad 

20-y-V(400-40y-3y») ^ 3^ 

2 * ^ 16 

Ex. 32. L^t 0:=;= greater, and jps less ; then will xy= 
320, and x^ — y^ : (x — y)^ : : 61 : 1, by the question ; hencei 
dividing by x — y, we have a?*+J?y+y' : (x*-y)* : : 61 : I4 
from whence (oy subtracting llie consequents from their an- 
tecedents,} we have 2xy :.(j?— -yi' : : 60 : 1, orxy : (*— y)* 
: : 20 : 1 ; hence, a:y=:20(af—y)% or 20(ar— y)'=320 by sub- 
Btitution, or (a? — y)'=:l6 ; and, consequently, x— y=:4. 
Now ar=3f-{-4, which Yalue being substituted for x in the 
first equation, we have y^-\'4y:=z320y and, consequently, 
y=— 2± v'324=— 2± 18=1 6, or —20, and by taking the 

positiFC value of y, we hAve x=-~=^^0, 

Nof E. This can be done othertoise by putting x^^ sum, 
and y=jt diference. Then a;-4-y= greater, and x^^-y^s^ less, 
from whenc« the answer can be easily found* 

£x. 33. Let x= the share of A, of the first term of the 

pi'ogression, and let the common ratio =:-, or as 1 toy ; ll^en, 

x+xy+xy^+xy^^ilOOy jt^^xy^^x : xy^— a?jf : : i»: n, 
by the question. From w^^h propwtion we have y^'-^X^s, 

(y — 1) X^^, pr y*+y+l == -^ (by dividing the whole by 

' , m — n-f-v/(?»8 — 2mn — ^3n') 
|f— 1). Hence y is found =^ ^-— ^^= 

'X =gs« Whence jc(=7-j — ; — --i — r from the first equa- 

24 3 1+y+y^+y' 

27 X 700 
tion) is giren =^;j^pgq-j5qpgj=108. Therefore the four 

shares are 10(1, 144, 192, and 256 dollars. 



106 



OF CUBIC EQUATIONS. 

X To extermindUe the second Term from a Cubic Equation. 

Ex. 3. Qiren equation x^ — 6a:2=10, or or* — Qafl — 10=0. 

Here, ar=j;+2, 

C x^=:rz^+6z^+12z+ 8 

^ Therefore, 2 — 6a7*== — 62?^ — 24z^24 

(—10 = -.10 

Whence, we shall hare z^-^l2z — 26=0, 
or z^ — 12z=^26^ as required. 



Ex. 4. Given equation y' — ISy^+Sly— 243=0* 

Here, y=a:-f-5, 

y^=:x^+15x^+ 7507+125 

Therefore, }tI^X= -15*«--150a:-.375 

+ 81a:+405 
—243 



Here, 
(—.243 = 



Whence, we shall have x^-]-6x 88=0, 

or x^+6x=zSS, as required. 

379 

JEx. 5. Given equation ar' -f -x^-\'- x =0. 

4 8 16 

Here, ps=yW^, 



Therefore, ^ 



4^ :^16^ 64 
1^2 I 3 „ 3.3 

• 4 '4^ 8^^^* 64 

,7 _ 7 7 

16 "~ ' le 
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Hence, wc have y^+r^y— t=^» 
or y^+ -_.^=:_, as required. 



Ex.6. Givena:*-f8a?3— 50:^+1007—4=0. 

Here, ar=y — 2, 
d?*=y*— 8y3+242/2 —SSy+ie 
8a:3= 8y 3— 48^« -|-96^— 64 
ThcD, ^—50?'= — 5^24.20^—20 

ioo?= +iOy— 20 

—4= — 4 

Whence, we have y*— 295^2 -}-94y—j92=0. 

Ex. 7. Given x^— '2x^+3x^-^5x^2=0. 

Here, a?=y-|-c, 
a:*=y*-|-.4«y*'*|-6c*y'-f-4c3y-|- >♦ 
— 3a?3=: — 3y3— 9^y2— 9c«y— 3e» 
Then, ^+3o:'= + 3y3+ 6cy+3e« 

' — 5a:= — 5y — Se 

Nov7, the value of e, by which the third term is taken 
away, is had by rcbolving the quadratic equation 6e^ — 9€+3 
=0 ; the roots of which are found =1, or ^ ; hence, by sub- 
stituting y+1 for Xy in the gfiven equation, we find y^+y^ 
— iy — 6=0, an equation wanting^ tlie third term. 

Ex. 8. Given 3o?8— 2x4-1=0. Here, let a:=- ; 

then, 30?-^— 207+1=::^ -?+ 1=0, or 3— 2y'+y'=0 ; 

hence, y3—2y 2^3=0 ; the roots of which are tho rficipro* 
eals of the formeri 
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113 1 
Ex. 9. Givenar*— -a7*+-a:^— jr+--7=0. Here let 



y. 



y' 



=^ ; then, ^ 2 L-2 ^^.4. — =m^ 



iL4.1=.*^ 



3sr»+ 



12y«*-.162y+72=0, the equation required ; Ibe rooto 
of which arc six times (hose of the former. 



SOLUTION OF CUBIC EQUATIONS. 



£x. 1. Giren ar^+3a;^— 6ar=8, to find x. 

Here o^^— 1, 
a:3=y3— 3y2+3y— 1 
Therefore, <+^f= +3y^-6y+3 



—8 = 



— 6y+6 
—8 



Beduced equation y^ — 9^=0 

Consequently y=0 ; and dividing by y, we hare y^ 
or y=:4-3, or — 3 ; whence the three values of x are 

ar=y— 1= — 1= — 1 ^ 

x-=iy — 1 = 3 — 1 ^= 2 > as required* 

a:=:y — 1=:-*.3— 1=— 4 ) 



Ex. 2i Given ar»+x« =500, to find x. 

First a:=2? — J-, 



Therefore 



* * * T^3 27 



—500= 



—500 



Reduced equation z' — }z — 499Jf^=^0, or 
28— j2P=499f-J- 
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■ 

Whence we ha?e <>=-^ and 6=:4d9-}^ ; cqpMqaeDtly bjr 
dor formula 

becomes 

(499f»)« 1 > 
^ 4 729^ J ' 

Which last expression, being rednced, girei 

«=V j249.9629+^(249.9629«— ;jL)| + 

V { 249.9629— v^ (249.9629 « — -|g) } 

or 
«= i/499.9257+ V.0001=7.950, 
Consequently x=z — J=7.950 — .333=7.617 Adiw. 

Ex. 3. Given equation x^ — 3x^=5. 

First a:=y+l. 

Therefore J— 3a?8= --3y»— 6y^ 



Whence y8_3y_7=o, or y^^3y=7. 
Here a being equal to — 3, and &=7, we shall haye, by 
the formula, ' 

y==Vj|+^/(~l)]+V)J-^/(~l)i=Ve.864102 

+ V-145898; 
or ys=1.899616+.525485=2.425101 : 
Hence ar=:y+l:=2.425101+l=:|.42510K 

S2 



no 

fit. 4. The giveti equation w8-.6a?=6, being in ite pro- 
,ptt tedufled form, we hare 

ir=V{3+^/(9-8)}+V{3-^/(9-4))}, 

or a?= V^4+ V2, Ansff er. 

«jt. a. the giren equation z^+9a^^ is hew mlready in 
lu reduced form ; whence we have immediately 

or a?= V(3+6)+ V(3— 6), 

ora?=V9+V— 3, 

or «= V9 — V3> Answer. 

at. 6i Gdren a:3+2ar'— 23a?=70. Let«==if 1; 

„ . 4 8 

46 
—230?= — 23y4~j* 

(^—70 —70 



11 I -i\-»m<i 



ai9ife— 1460=0, or « 3— 219^8=1460. 
*«Vj'?30+N^C(730H73)2]}+V{730^V[(730y473)«]}. 

or 
i^V{^30+379.3l9126)+VC730— 379.319126) ; bene* 
fc=iV(llO9.319126)+V(350.68087)=l0.35188+7.O6187, 

% 17.40375 , ««rt«t 

ttiid cJbnse^dently ff = ^= g-^=5.80l2& ; 

Whttlite «=J--|=5.80125^.66666=5.13450 AJiiw«r^ 



Ex. 7. GHm •qwtiot »*-47«*-(-5<l»s3S0, to find x. 
Thia eqaation, by exterminaHng the second term, be- 

Whence by the fonnola, we eball have 

V {203|-^^[(203|1)»- (,4l)»l{ 

Or by redttoinc and simplifying the expression, 
«=|V ?5S02+^/[(5S02)»— (127)»] }+ 

IV \ 65(»-lv'[(SS<»)»-(t27)»] } : 

t 

6312*1776] ; 

or «=5V 10814.1776 + ^V 189*8224=9.207391. 
3 •* 

Consequently ar=3r+^= 14. 954068, Aniwer. 



Ex. 8. OiFcn 4^3— 6dp=2i4. Here a? is readily fimtti^ t>f 
ii lew trials, to be cqtual to —2, and therefore 
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^fd)^ ^— 4a; — 4f »* — «jr— ^ 
— 2x«— 6ar 



—2a: — 4 
—2a: — 4 



Whence a?* —2a:— 2=0, or ar?— 2a:=!2 ; the roots of which 
quadratic are l+v^3, and 1 — ^/^ ; and consequently — 2, 
14-\/3, and 1— v^3, are the three toots of the proposed 
equation. 

Ex. 5. Given a?'— 5a?2^2a*=— 12. Here a; is readily 
fcund by a feiv trials, to be equal to 3, and therefore 

a:— 3)a;3— 5a:2+2a;+12(a:3— 2a?— 4 
a:3— 3a:' 



-2a: 2 4-20: 
.2a:3-j-6a: 



— 4a:+12 
— 4a:+12 



Whence 4?»— 2a: — 4=0, or a:«— 2a?=4; the roots of 
which quadratic are l+V^j aD<l 1 — \/6 ; and consequently 
3» l+>/5, and 1 — y/5y are the three roots of the proposed 
equation. 
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SOLUTION OF CUBIC EQUATIONS, BY 
CONVERGING SERIES. 

Ex. 1. Giren x ^+907=30. Here a=9, and ^=30, 

. 27ft« 27X900 100 25 . . 

whence — r- =■= — < • ^ — =-~ : and 

276'*+4a3 27X9U0+4X27« — 112 23' 

2ft 60 10 

V [2(276^+4a»)]'"V[^(^7X90U+4X27O]"" V (^6*) 

5 V (21 6 X 294) _ V (30750) 
"^ 12ft "~ 21 "' 

Consequently, formula first, we shall hare 

1 1.0000000 (A) 

9.S 25 ^ 
Trr ^5S^ .1653439 j;B) 

^•'^ X^B .0721898(C) 



12.15 28 

i^XpC .0405828(D) 
18.21 ^28^ ^ ^ 

^.^25 ^267221 (E) 
24.27 28 

!S^X— E .0174913(F) 
30.33 ^28 ^ ' 

^Hlx— F .0124581(G) 
36.39 28 ^ '^ 

25dLx ^Q .0091693 (H) 
42.46 ^28 ^ 

Mdix— H .0069160(1) 
48.51 ^88 
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^X|l .0053164 (K) 

66.59 25 ^ 

X^K MAimi (L) 



60.63 ^^28 

62.65 25 , 
■gg^gj-XggL .0032775 (M) 

68.71 25 ,^ 

72.75" ^2»^ .0026163 (N) 

74 77 2^ 

Tjaiar-xgaN .0021068 (O) 

80.83 25^ ^ ^ 

86.89 25 

■9593-X-P ^13950 (Q) 

'*•'' X^Q ,0011460 (R) 



96.99 ^^28 
98.101 25 
i^lor^^^R .0009456 (S) 

104.107 25 « ^ -. 

10Orf^28» .0007837 (T) 

110.113 25 

U4AVf'<m'^ -0006521 (U) 

116.119 26„ 

liOis Xas^ .0005445 (V) 

122 125 25 

milir^ls^ .0004561 (W) 

138.131 25„ 

l^^l^S-XggW .0003832 (X) 

134.137 25 „ 

mlW^iS^ .0003828 (Y) 
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140.143 
144.147 
146.149 
150.133 
152.155 
156.159 
158.161 



162.165 
164.167 
168.171 
170.173 
174.177 
176.179 
180.183 
182.185 
186.189 



28 

25 
^28^ 

25 

^28^ 

25 

25 „ 
><25^ 



Lfl^. 1.3770034 
Loff. V (36750) 
Colog^. 21 

No. 2. 18. 
Therefore a;=2. 18, 



.0002736 (Z) 
.0002307 (A) 
.0001955 (6) 

.0001662 (C) 
.0001416 (D) 
.0001206 (E) 
.0001031 (F) 
.0000966 (G) 

1.3770034 

X).138934 
1.521752 
8.677780 

0.338466 



JSx. 2. Given x ^ — 2ar=5. 

Here a=:2, and &=:5. 

Then2v|=2V|=2l/5=V20; «d 5!^= 

27X25 — 4x8 643 ^ 

7 — 27x25 "^^^^675* ^^'^'sequeotly, by foraula second. 
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we .haU hare a:=+V20(l-— Xg^A-^^X— 

11.14 643 17.20 643 23.26 643 29.82 ' 643 
1608" ^675 2n24 ^675 27.30 ^675 33.36 ^675 
_ 35.38 643^ - ^ 



39.42 676 

Note. This series convergfes so slowly, that it requires 
td. calculate more than 60 terms in order to approvimale to 
the answer; which is always the case when Aa^ is consl^ 
durably less than 21b^ ; then the numerator of the multi* 
pticr is nearly equal to the denominator, as above, the nu- 
merator 643 is nearly equal to 675, and, therefore, tlie se- 
ries must conveiig^e slowly ; consequently, this metUod is 
not useful except when 4a.' is nearly equal to 276^ ; then the 
numeiator is small in comparison with the denominator, 
and the answer is found by summing a few terms of the 
aeries. Therefore Cardan's Rule, in Case 2, is more ex- 
peditious than this method, when 4a ^ is considerably leas 
than 276^ ; as in the example x^ — 2a7=5. Herea= — 2, 

aiid*=5, (hen «=V{|+v/(~|^)]+V{|-%/(^- 

2.44)= V(4.94)-f V-06=1.703+.391=2.094, Answer. 

The same method of reasoning is likewise applicable to 
Case 1. 

Ex. 3. Given a:'— •3«=3. Here a=3, and d=3; then 

•r*^ ««^3 ,,,^ • ^ 276«— 4a> 27.9—4.27 9—4 
2^3=2 V5=V12; and _,j_=___=_^ 

_5 

""9* 
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CoBMqae&tly, by formula 2, we shall hare, 

1 LOOOeiOOO (A) 

-.-.:A^ X I A —.0817283 (B) 

ilW^i^ -.0127012(C) 

-lS4<^ --.i>04024e (D) 

""SS^I^ -.0015083(E) 

^^•^® X - E —.00061 86 (F) 



27.30 9 

.?L?ix - P -*i00026S4 (G) 

33.36 9 

^^•^^X^G -.9001210 (H) 



39.42 9 

S^J-ix^H -.0000561(1) 

^^"^^X-I — .0000265 (K) 



51.54 9 

_ 53.56 ^6 .-..0000127 (L) 
57.60 9 

__ 69^6^ 5 —.0000062 (M) 
63.66 9 ^ 

-feS-^M -.0000030 (N) 

-S-^^l^ -.0000014(0) 



118 



^ 



81.84 ST \ 



SUflBy 

Com. 

Lo^. .9189230, 

Log. yxt. 

No. 2.1038, 

Therefore, a:=2.1038y Answer. 



— 0000007 (P) 



—0.0810770 
.9189230 



■««■ 



—1.963279 
0.359727 

0.323006 



Ex. 4. Giren a?*^27x==36. 

Here a=27, and &=36. 
27ft« 27X36« 36* 



Then, 



324 4 



and 



4^3—276^ 4.27-*— 27.36* 4.27^<— 36« 406 6* 
—2ft _ —12 _ — 4_ V(14400) ^ 

~ ~ 15 • 



i/ [2(40^276-*)] V (27*— 324) V 16 

Consequently, by formula 4, ire ihall have 

1 +l.iM)00000 (A) 



6.9 6 

+ -1215^5^ 

14.17 4 

^24.27^5^ 

26.29 4 . 
*— ■ X~E 
30.83 5 



—.1481481 (B) 
+.0579423 (C) 
—.0276712 (D) 

+.0157146 (E) 
—.0096747 (F) 



119 



> 32-35 4 

_38^ 4 
42.45 6 
, 44.47 4_ 

**"4fa:dr^6" 

50.53 4 , 

64.67 5 

. gg'59 4 

^ 60.63 5 

62,65 4 

"^66.69^6 

, 68.71 4„ 

+7i:7r^5^ 

74.77 4^ 
78.81 ^6 
, 80.83 4^ 

86»8(^ 4 ^ 
90.93 5 
. 92.96 4 
"'"96.99^6^ 
98.101 4^ 
102.105 5 
104^ 4 

^i08arr^5 

110.113 4 

114.117^6 

116.119 4 

"*■ 120-123 5 



+•0061103 (G) 
*-.0040295 (H) 
+.0027232 (I) 
-^.0018756 (K) 
+.0013113 (L) 
—.0003284 (M) 
+.0006639 (N) 
—.0004790 (O) 
+.0003489 (P) 
—..0002553 (Q) 
+.0001878 (R) 
—.0001368 (S) 
+.0001030 (T) 
—.0000833 (U) 
+.0000623 (V) 
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i!|l|2^><:iv ^.0000467 (W) 

126.129 5 . \ / 



Sam, +-8919368 



Logr. .8919368, --1.9503308 

Loff. VI 4400, 1.3861208 

Colog. 15, 8.8239087 



No. 1.446, .1603503 

Therefore, — 1.446 is one of the negative roots, or ira- 

lues of x. 

. 4a8— 27^2 4X27— 27X36» «,,^^»^ 
Again, V ( 4 ^)=V( 4 )=Vl0935; 

276* 4 r * 2 

■""^TOTjJ^i- Hence, + g±V(10935)x{H^ 

the other two roots of the given equation. 

Ex. 6. Given a?3—48a:=— 200. First a?=y+ 16, and 
r a:3=y3^48y2^ 768y+ 4096 
Thpn ^ — 48a?« = —48y«—1636y— 12288 
(+200 = + 200 

Beduced equation y* — 768y — 7992=0, or y^— 768y=s 
7992. 

Here <l=768, and i>=7992 ; whence 2V5=s2V399«; 

4a3— 276* 4.7683— 27.7992* 86393600 



276^ 27.7992* 1724546728' 
1349900 



26996027 

Consequently, by formula 3, we shall have 
1 1.0000000 (A) 

+ 3^^^S^ +.0065663(8) 
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5.8 _ 1349900 ^ ^ ^^^ 

^Tni-^25996027^ -.0001030(C) 
, 11.14 1349900 ^ 

+ TOflr^iSiHfioi, /^ +.0000030 (D) 



+1.0054563 



Loflf* 1.0054563 .002^632 

Ijog. 2 V(3996), or i/(3l968) 1.5015718 



No. 31. 91, 1.5089350 



Therefore a;=331.91+16=47.91 Answ. 

Ex. 6. Given x^^22x=24. Here 0^22, and 5=24/ 
—25 X —48 —12 



Then 



V [2(4a3— 27.24« )] V [8. 10648— 54.576] V845 
_ — 12V(845)» _ 12V(714025) 275' 

~* 845 ~ 846 ' 4a»— 275* 

15552 15552 ^86 



42592—15552 27040 845 
Hence by formula 4, we shall have, 

1 1.0000000 (A) 

2-^ X^A -.1065088 (B) 



6.9 845 

+ -54^X — B +.0299486 (C) 

^12.15 845 -r " vw 

14.17 486 _ A^iv/»^..« ,wx^ 

-TSJI^'SU^ -.0108462 (D) 
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. S«.3$ 

■^ 36.39 


486 „ 
^845'' 


38.41 

42.45 


^846^ 


^ 44.47 
"'"48.51 


486,, 
^845^^ 


60.63 
54.57 


486. 
><846^ 


^ 66.59 
'*'' 60.6 J 


486^ 
^845^ 


62;65 
66.69 


486, 
^845^ 


68.71 
■^ 72.75 


^845*^ 


74.77 
** 78.81 


486 „ 
^845^ 


80.83 
84.87 


486^ 


86.89 
90.93 


x""' P 


hog. .9156906 


Log. 12 


[ Log. ^(714026) 


Co-log. 845 


No. 1.163 



4*.0b0S897 (G) 
—.0004^18 (H) 

+.0002049 (I) 
—.0000960 (K) 

+.0000483 (L) 
«-^OOa0245 (M) 

+.0000126 (N) 

—.0000068 (O) 

+.0000035 (P) 

—.0000018 (Q) 

+.9156906 

—1.9617485 

» 1.0791812 

1.9612378 

17.0731433 



.0653103 



Therefore, one of the negatiTe roots or raloet ef x if 
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A • •//4o»— 276*^ -,, 42595— 16552. .-^-^^ 
AgUA, V(-— 5 ^)=V( 4 ^)=:V«760, 

. TTh* _486 
^■^4a3— 276.2"'845' **^^®> 

1 1.0000000 (A) 
+ -^^SI^ +.0639053 (B) 
ii-X^B -.0136130(C) 



+ roxS^ +.0044657(0) 

-S-S" -«»«'<'^) 

+ liS>^S^ +.0007357 (F) 

_29^ 486 -.,0003305 (G) 

.33.36 845 - ^ '^ 

35^ 486 +.0001643 (H) 

^39.42^845 ^ ^ ' 

_41^ 486 ^.0000742(1) 

46.48 845 ^ ^ 

47^ 486 ^' +.0000364 (K) 

^61.54 845 ^ ^ '^ 

53.56 486^ ^^^.«^,rx 

X K — .0000180 (L) 

67.60 845 vvvv*wv ^x^y 

, 69.62 486- , ^,,^^^^^ ^^.n 

+ ^:a6->^545^ +.0000091 (B^ 

65.68 486 _-. «^a^*v^a >-ikT\ 

— ■ .^ X-TTE ^ —.0000046 (N) 



->• 



■> ■ t 



+1.05353j^5 
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Lo^. 1.0535355 .0226491 

Log. V6760 .6383244 



No. 4.581 .6609735 



Therefore, ^ +.581 

2 

Last number ±i 4.58 1 



Result +5.162 
Or, —4.000 

And, consequently, +6.162, s^l. 162, and —4 are the 
three roots ; but the root is only required, and this is the. 
affirmative root 5.162. 



OF BIQUADRATIC EQUATIONS. 

Bx» 1. Here the given equation, viz. 

0?*— 55ar2— 30a:+504=0, ^ 

being of the proper form for solution, we hare bj the se- 
cond rule, 

ft= — 55, c=~30, and df=504. 
The cubic, or reduced equation, therefore, viz. 

^12 ^"'"^ 108^ ^8^ 3 

becomes 
;ir3— .756tV«=78114" 



Wliere the root of this cubic being found =31.66666,- or 
31f , our two quadratics are 



55). ,.,. 55. .( 55, 



.f^V* \ 3t«+f ( >f=-<31f-^)-^ I (31f^)»-604 ( 
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ord?'*+10;r= — ^21 ; and ar» — 10x=— 24, 

The first gives x=5± >/(25— 21), or a?=3, and 7. 

And the second, «=— 5±x/(25— 24), or a?=^6, and 
•4; 

That is, the four roots arc 3, 7, -—4, and — 6. 

Ex. 2. Givenequationa:*+2a7*-- 7a?«— 8ar= — 12. 

First, in order to exterminate the second term, we have 
-^; whence, 

4-2a^»^ 4.2253_329 I 3 1 

* 2 4 



— 7««:>;: 


.«.722^.72_| 


-*-8» := 


— 8a;+ 4 


+12 = 


+12 



Reduced equation z* — 8-253+14--^=0, 

2 16 

or 2J*=:8-«'=— 14— 
2 16 

Whence, ^'=^±^(Yo''Yq)-=Y'^1^ 

25 9 

T' ^4' 

CoMcquently, 2f=±>/-j-=+-, or ~, 

A 1 /^ I 3 3 

M>^«=±N^4=+2»or— , 
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And therefore x^^t — I- bat the foar following values, ris. 

— - 1=1—2 



_ — 5 1__ _ 
*"" 2 2 2 "" 

"^2''2"~2'" 



-^ ^=^=-2. 



2 2 2 

fix. 3. Given Ar«— 8jr>+14a;3 4'4ar=8 to find of. 

Fiwt a:=z+2 

Whence a:<=z*+8r8+24a:2+32z+16 

— 8ar»= — Sr'^— 48z3.— 96z— 64 

tl4x«= +14z»+56*+56 

Ax =3 4z-|- 8 

— 8 == - 8 

Reduced equation z*— 10z« — 4*+8=0, 

From which we obtain the following cubic, 

100 , ^^ —1000 ,16 , 80 

y*-(l2- + 8) y = -j5g-+Y+y, 

y»-.16iy=I9li, 

The root of which cubic is ys= — 1.3333, or 
Therefore the two quadratic equations are 

—4 10, > ,—4 10, .«.— 4 10 



Or ;r'+2ar=2, and «' — 2«=4 ; 
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Wheoce the four roots, or TaluM of Zy are 

z= — 1+%/3., and z= — 1-^^/3 
2J=+l+v^.5, and *=+l — y/S ; 

And tinoe x=:a;-{-2, we bave the four following ralues of 

*, viz. t 

j:=3+v^6, 07=3 — ^/S, 
a?=l-|-^3, Jir=l-—y3, as required. 

The student will obsenre here, that as the quantities un- 
der the latter two radicals, in the above quadratics, arise 
from the square of a negative quantity, their roots must be 
taken negative, and not affirmative. 

£z. 4. Here the given equation, via. 

x*— 17a?8— 20«— 6=0. 

is already in the proper form for solution, having 2^=: — 17, 
-2O9 and <{=-^ ; whence our cubic is 



« ,17« ^, — 178 20« 17X« 

*M-T2 -^> = -loT+T 3~' 

1 CO 

The root of which cubic is z=S.3333, or z=^m^ 
IVheftce our quadratics are 

Or a?2-|-4x= — ^2, and ar'— 4x=3, 
Therefore the foor roots, or values of x, are 

a?=— 24-^/2, »=— 2— v^S, 
a?=+2+v'7, a:=+2— V7, as requfred. 

Ex.5. 6iv,en X*— 3a:'— 4a: — 3=0. Here, &=— 3, c=^ 
I, and d=^^ : whence, by substituting the values in the 

equation «'—(TV^»+rf)«==TiT* '+*<?'— t^^, and simplify- 
ing the results, we shall have x'-|-2-}^2-|-1^=0 ; the root of 
which last equation^ as found by trial, or by one of the for* 
jBMpt raki, is — 1|'=— r. Whence our quadratics are 
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(a+3 ^ , or a?»— a:=— 1 : 

From the first of which a:= — ^;:£:'J-'^13, andfrom the 
second a:=^± ^>/ — ^3. 

Ex. 6. GiFcn a? ♦ — 1 Oa: »+ 1 22x » — 302x+200=0. 

Here «=— 19, 6=132,c=— 302 and rf=200. 
Then, by substituting^ these values, in the cubic equation, 
(Rule 1,) we shall have, by simplifying^ the results, 3s'-^ 
217^«=1362^; whence, by Cardan's rule, 9^=8.6 MSs=^r. 
Hence, by substituting^ this value of r in the two quadratic 
equations, (Rule 1,) and reducing the results, wo have the 
following quadratics : 

aja— 5.08724»=— 3.46262 ) 
a{«—13.912764«=— 67.75978 J 

Whence the four roots of tlie given equation are deter- 
mined by solving these two quadratics. 

Note. The rule given by Hutton, in his Mathematics, 
for discovering whether the roots of a biquadratic equation 
are real or imaginary, fails. See Hutt. Matli. vol. ii, page 
269, first New-York edition. The error in Hutton's rule 
will appear evident from the above given equation. The 
same error is likewise committed by Jdaclaurin. 

Ex. 7. Given equation x*— 27a?3+162a?«-f336«— 1200 
=0. 

27 
First a:==z4 — 
4 

4 Aic^ ft I 2187 ^ , 19683 , 531441 
* -^*+^^^'+-r-^'+~16- ^+-256- 

-27^3= -27.:r«ii?!;, -5£9^ ,^551111 

4 16 64 

4.1G2a:«=r: + le?^* + 2187 2+ 5£?^ 

+356J: = + 356 2J+ 2403 

-^•1200 = — 1200 
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Reduced equation 2*— ni|««+82^«+2356^^0, 

From which we draw the following cuhic, yiz. 

y 8+1 322i^y=75539it^, 

And (he root of this equation suhstituted in onr quad- 
ratics 

gives the four following values of Zy viz. 

«=— 4.19392 ; 2;=— 9.25000 
x=: 6.90306 ; 2= 6.54086 ; 
But x=ar+6.25 ; therefore the values of x are, 
a?= 2.05608 ; a:=:t— 3.00000 ; 
a?r=13,15306; a?= 14.79086. 

Ex. 8. Given a;*— ISar'+l^o?— 3=0, to find x. 

Here the equation, in its proper form for solution, being 
^= — 12, c=12, and d=r— *3 ; our cubic is 

a ,.« ON — 172R , 144 i^ 
,a«(12-^).=-^j^^_-12, 

or z^ — 92= — 10, 

Where we have, from inspection, 2=2 ; whence the fol- 
lowing quadratics : 

*"+ \ n/2(2H-4) ( a?=— (2— 2)+^ | (2—2)2+3 ( 

a?2— I x/2(2+4) \ j:=— (2— 2)— V J (2—2)^+3 ( 

Orj?2-|-^12.jr= ^3 
a;2— -v/12.ar=— v^3 

Whence ar= — JV 1 2± 5/ (3+^/3) 

ar=+^V 12± ^/(3— >/3) 

Or the four values of x in numbers afe, 

x=—3.907378 ; a?=.443277 ; 
jc= 2.858083 ; a:=.6060l8. 

M 



♦ ♦,. 
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Ex. 9> Given j:*— 36a?* +72x— 36=0. Here 6=— 36, 
c=:72) and d= — 36 ; 

Whence, by substituting these values, in the equation, 
^9 ^(^1,^.1,9 ^d)z=ji^b^+ic^'-ibd9^uA this reduced be- 
comes z^— 722;=t— 216, where it is evident, by inspection, 
that x=6, and this value substituted for r, in the two quad- 
ratics according to Rule 2, we shall have, after simplifyiqg 
tlie results, a:*+6a:=6, and a?* — 6a:= — 6 : from the first of 
which a:=—3:t 3.8729836; and from the second a:=+3± 
1.7320506. 'j'herefore, the four roots of the given equation 
are, .8729836, 1.2679494, 4.73^0306, and —6.8729836. 

Ex. 10. Given a?*— 12x3+47ar«— 7^4?+36=0. 

To take away the second term, let a7=y-|«3 ; then the 
reduced equation becomes y* — 7y*— 6y=0, Herey=0, or 
O is evidently one of the roots 4lf this last equation ; whence 
it is reduced to y^ — 7y — 6=^=0 : the roots of which as found 
by a few trials, or by one of the former rules, are — 1, — 2, 
nnd 3 : and, consequently, the four roots of the given equa- 
tion are 1, 2, 3, and d. 

Ex. 11. Given a:*-|-24a:«—114a?2—24j:+l=0. 

Here, a=24, b= — 114, '*=? — ^24, and ^=1 ; then by sub- 
fltituting these values in the cubic equation. Rule 1., and 
reducing tlie result, we have z^ — 12282= — 16272. Let 
z=2y; then y3-.307y=— 2034, Now the root of this u 
found by a few trials, or hy one of the former rules, to be 
10; hence z=2y=:18=ir. 

Again, by substituting this value of r in the two quad« 
ratios according to Rule I., we shall have, after reducing 
the results, a?2-j-28je=l, and ar^— 4^=1 ; from the first jc= 
— 14i: y/ 197, and from the second a:=2db %/5. 

Ex. 12. Givenar*— 6*8— 58x^—114ar— 11=0. Here 
«=— ^, ft=— 58, c=— '114, and d=— 11 ; then by substi- 
tuting these values in the cubic equation, Rule I, we have, 
by reducing the results, x^z=i9S^^= — 1671ff. Now, the 
root of this cubic being found, by one of the former rulea 
for cable equations, and substituted for r in tl^e two quad-* 
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raiic equations, according to Rnio I, we shall hare the fonr 
it)ot8 of the equation. Or, the answer, in the form in which 
it is given in the introJuction, is found thus : 

Let A:=(iac— d)=182, /=icH-<^(^— 6)=2512; and then 
w33— i6^H-A:^— ^^=*-^^+29^«-|-ltJ2.^— 1256=atO; and from 
this equation, by trial, JL will be found =4 ; and then B= 

And ar=(± iB^a± {^a^ ^iaB^ ± C--^H=f ^3+ 
i±y/(,i'^±V^y/'^) the roots required. 
See Simpson^s Algebra, page 150. 

KESOLUTION OP EQUATIONS. 

BT APPROXIMATIOR. 

Ex. 2. Given equation a:2-|.20x=l00. 

Here a few trials show the root to be nearly 4.1 ; let 
therefore a:=:4.1+z ; 

Then JC^=16.81+8.2«+2;« > -^^j 
20:c=a82. +202; ^ — *«»" I 

Therefore rejecting **, we have 
98.81+28.2«;=100; 

or g= ' ■-.S.042 t 

And consequently a:=4.1-f2=:4.l4'.042=:4.142 ; 

Whence by repeating tlie operation, and assuming x=s 
4.142+2;, four other f]<rure9 may be obtained, which g^vet 
the value of a?=4.142l35C, as required. 



Ex. 3. Given a;3+9a?-+4j:=80. 

By trials we find the root nearly =2 ; assonung, there* 
fere, a:=2+2f, we have Tj-;, 

0:3=, 8+122j+6«;2+2;3 
9ar'2=36+36«4-9z'^ 
4ar = 8-f 4« 



5=80; 



+ 4Z ) 
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Whence, by rejecting the second and third powers of 2, 
we have 

62-|-522;=80 ; or 2?==---=:.5 

And therefore a?=2.5= the root, nearly* 
Assume now a?=:2.5-|-z, and we have 

a?3=15.625+18.75z+7.62j2+23 
90:2=56.25 -f^S.z +92* 
4a? =10. 

Whence rejecting the higher powers of 2, 

81.875+67.752=80 
1 .875 ^«-,<% 

Where ir=4.5 — .0276=2.472 nearly; and if again we 
were to assume jr=2.472+2;, we should get four other de- 
cifpais, which would give 07=2.4721359. 

Remark. In the preceding examples we have inrolred 
every power of x completely ; but it is obyious, that as the 
higher powers of z are always rejected, it is unnecessary to 
carry the expansions beyond the second term, as shown in 
the following solution : 

Ex. 4. Given equation 0:*— ^8o:'+210o:M-538x+289=0. 

Here, since the second term is equal to all the other 
terms of the equation, it is obvious that x is less than 38 ; 
and by a few trials we find it to be nearly 30 ; let there- 
ibre a?=30+2 ; then reserving only the first two terms of 
each expansion, we have 

or*= 8100(yO+1080002J+&c. ' 
— 38o:3=— 1026000— 1026002;—&c. 
+210o?2= 189000+ 1260Q|f+&c. /=0. 
+5380? = 16140+ 538Z+&C. 
--289 =289 

^'"^ 10571 
Whence —10671+185382=0, or 2=---~=.5 

loooo 
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And a:=30.5, nearly. Assume, therefore, a:=:30.5-f ^ ; 
ftod we shall hare (rejecting the decimals as inconsidera-' 
ble) 



x*= 865305+1134902^ 
—38a:3=r— .1078159— 1078162 
+2l0a?«= 195352+ 1281O2J 
+538a: = 10409+ 8382 
+289 = 289 



=0 



Whence, —744+ 19022z=0, 

744 
Or 2=i=------=.039 ; whence a:=30. 53, n«oriy; 

And, by assuming' ag^in a:=30.53+2, a still nearer ap« 
proximatiou may be obtained. > But in equations of this 
kind, in which the co-efficients are very large with regard 
to the root, the approiLimations are always very slow, 
adding no more than one new figure at every operation ; 
whereas, when the co-efficients are small with respect to- 
the root, each operation doubles the number of figures last 
obtained. ^ 

Ex. 5. Given a?«+6jc*— 10x3— 112ar«—207a:+110=0, 
to find X, " 

Here, ar=4, nearly ; asawme, therefore, j:=4+2 ; then, 

a?5^ 1024+12802+&C. " 

+6 jr < = 1 536+15362+&C. 

«_10a:3=_ 640— 480«— &c. 

— llSa?^— — 1792*— 896z— &c. 

—207a: =— 828— 207;!?— &c. 

+110 =+ 110 

590 
And — 590+1233«:=0, or ;8:=:j^=.47, 

Whence, «=4.47, nearly. And, by assuming a:=4.47+A 
another approximation may be obtained, till at last we 'find 
0^=4.46410161 ; but it would be useless to go through the 
«otic« operation in this place* 

M 2 



=0, 
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OP APPROXIMATION BY POSITION. 

EXAMPLES FOR PRACTICE. 

Ex. 1. Gi>ena?3+10a;2+5ar=2600. 

Here, it is soon discoyered that x is a little mare than 11 ; 
let us assume, therefore, a?=11.0, and xs=ll.l ; 

Then, by the rule, 

11. 1 == X = 11.0 



1367.631 


- jr3 = 


1331 


1232.1 


=-f-10a?2 = 


1210 


55.5 


=+ Bx — 


55 


2655.231 


Results 


2596 




Therefore, 


. 


2655.231 


11.1 


2600 


2596. 


11.0 


2596 



Or 59.231 .1 : : 4 : .00673, 

Whence, ar=11.0+.00673=l 1.00673, Ans. 

Remark, In this example, one of our suppositions ap- 
proached so near the truth, that we have been enabled to 
obtain seven places of figures true, in a single operation ; 
which is a degree of approximation very seldom acquii«d 
with so little labour. 

Ex. 2. Given 2a:*— 16a?3+40a:'^-.30ar+l=0. 
Here, x is nearly =1 ; assume, therefore, 

2 = x rr: 1 



Then, 32= Sx*=z 2 
—128=— 16x3=— 16 
+l60=+40x2=+40 
— 60=— 30x =—30 

+ 1= + 1 =+ 1 
+ 5 Results — S 
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Therefore, - 

+5 2 

—3 I —3 

Op 8 : 1 : : 3 : .3 

Whence, x=l.Sy nearly ; assume, therefore, 

1.3 = a? = 1.2 



Then, 5.7122= . 2x* 

--35.152 =—16073: 

-J-67.6 =+40a:2: 
—39. =—30.^ : 
+ 1. =+ I 



^+ 4.1472 
:— 27.6480 
:-f57.6000 
:— 36.0000 
:+ 1.0000 



+ .1602 Results 

Therefore, 
-f'.1602 1.3 
—.9008 1.2 



— .9008 



-.9003 



Or 1.0610 : .1 : : .9008 : .085 
Henoe, 0=1.24-. 085= 1.285, nearly ; and, by repeating 
the operation, We have the still nearer approximation 
1.284724. 

Ex. 3. Given a?5+2ar*+3a:3+4a?2+5a:=54321. 
Here, we find the value of x to be between 8 and 9 ; as- 
sume, therefore, 

8 = J? = 9 



Then, 32768 


= a?5' = 59049 


8192 


= 2a:* = 13122 


1536 


= 3a:3 = 2187 


256 


= 4ar2 _ 324 


40 


— 5x — 45 


42792 


ResaUs 74727 




Therefore, 


74727 


9 543il 


•42792 


8 42792 


Or 31935 


1 ; : U523 



.3 
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t 

Whence, a:=8.3, nearly. And, bj asfluming x=:8*S an^ 
8.4, Another approximiilion tTiU be obtained ; but the suc^ 
cessi^e corrections are very small^ and will occupy morv 
room than can be devoted to a single example. 

Ex. 4. Given VC7^'+4a?2)4.^(2()a:2— 10x)=28^ 
Assaming here ar=4 and a;=:5, we have 

4 = a: = 6 



8 =V( 7«^+4a?2)r=: 9.91596^ 

16.7332=v'(20a;«— 10a:)=21.21320 

24.7332 Results 3K12916 

Therefore 
31.12916 5 28 

24.73320 4 24.7332 



Or 6.39596 1 : : 3.2668 : .51 

Whence, we shall have «r=4*51, nearly. 
And, by repeating the operation, 47=4.510661. 

Ex. 6. Given y/\ 144x'--(a:2+20)« |+x/ f 196ar« 

(a:2+24)2j=114. 
Assuming a?=7, and a?=8, we have 
7 = X = 8 



47.9001=^/ { 144a:«— (a?2+20)« }=46.476S 
65.3834= v^ I T96a?2— (a»«-}-24)« j=69.2820 



11 3.239-* Results 116.7678 

Tliereforc 
115.7578 8 114 

113.2..9:i 7 113.2895 



Or 2.46J3 1 : : .7105 : .2, 

Whence, ar=7.2, nearly. 

Assuming, now, x=7.2, which is found too great: let us 
therefore take a;=7.1 and 7.9, and we have 
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7.1 = x = 7.2 

47.979 l=v^ \ 144a:«— (a?«+20)« I =47.9999 
65.9014=v^ 1 196ar2—(a:«+24)2 1=66.4003 

1 13.8805 Results 1 14.4002 

114.4002 7.2 114 

113.8805 7.1 113.8805 



Or .6197 : .1 : : .1195 : .023 

Wben^ie, a?=7.1+.023=7.123, nearly. 

And if, for a new operation, there be taken a:=7.123 And 
7.124, we shall have ar=7.123883. 

And a further assumption of this kind will about double 
the number of decimals. 

EXPONENTIAL EQUATIONS. 

Ex. 2. Given a?* =200, to find x. 

Here, we soon find that x is nearly =:5, let us, therefoM, 
assume a;=4.8, and a;=4.9. ^ 

Then, the lo|r. 2000=3.3010300 ; and 
Logr. 4.8=0.6812412 Jjog. 4.9=0.6901961 

Mult, by 4.8 4.9 

54499296 62117649 

27249648 27607844 



3.26995776 3.38196089 

Therefore, 

3.38196 4.9 3.30103 

3.26995 4.8 3.26995 



Or .11201 .1 : : .03108 : .027 

Whence, a:=4.8+.027=4.827, nearly* 
And repeating the operation, by assuming a?=4.827, and 
x^4.828, we shall obtain a;= 4. 82782263. 
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£z. 3.. Here, (Qx)* =96 ; and our formula most tfiere- 
ibre be ^ X (log. 6-|-lo^. x)=log, 96. 

Where log. 96=1.9822712, 

And X is obviously nearly =z2 ; assume, tberefore, »=1.8V 
and ap= 1.9 ; then. 



Log. 6. =0.77815 
Log. 1.8=0.25527 



Log. 6 =0.77815 
Log, 1.9=0.27875 



1.03342 
1.8 


Resalts 

reforo 

1.98227 
* 1.86015 


1.05690 
1.9 


826736 
103342r 


951210 
105690 


i.e-eoise 

The 

2.0081» 1.9- 
1.8601& 1.8 


2.008110 


.14796 .1 


: ^ .12812 


i .082^ 



Whence, a?= 1. 8+.0826= 1*8826, nearly. 

Which ^ye figures may be doubled by another operationr, 
making a?=l. 8826432. 

Ex. 4. Given equation a:*=123456789. 

Here, after a few trials, or from inspection in a table 
of powers, we find x is bctireen 8 and 9, but nearer the 
latter than the former. Assnme, therefore, jr=8.6, ami 
ar=8.7. 

Then, log. 123456789=8.0915149, 

Log. 8.6=0.9344935 log. 8.7=^0.9395193 

Mult, by 8.6 8.7 . 



56069610 
74759480 



65766351 
75161544 



8.03664410 Results 8.17381791 
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iTherefore, 
^.17381 8.7 BMUi 

8.03664 8.6 8.03664 



.13717 ; .1 :: .05487 : .04, 
Whence, a:=8.6+.04=8.64, nearly. 
And, repealing the operation, by assuming x eqttal to 
!8.64 and 8.641, x is found =:=8.6400268. 

Ex. fi[» Given a:*-^a:=a;(2« — »*)*. 

tTbis win be more coni^eoient under the form 

Now?, in order to find a £rst approximate -assumplion, k 
may be ebserred that 2x must be greater than or', or 2 
.l^reater than ^^^^ 

The same will also be obWous if we put the equation 

4mder the form ^ — [-a:*— '=2. 

Since, then^ x is less Omn 3, but nearly equal to thatokwn- 
Act, let us assume j:==l.d ; then, ««r=2:8806, and 

ix' — xY 

' — — ^ = a6387 

X 

Also, «'»— * = 1.6004 



IstresuU 2.2391 



And when a;=:1.7, then, 
jf*=2,4647, and iff=:£^0.3728 

X 

Also, ar^~i=s:1.449a 



2d result i.h226 



Therefore, by the rule, 
5.2391 1.8 2.O00a 

1.8226 1.7 1.8226 



"W<W 



As .4165 .1 •yP'74 : .04; 
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Whence, «=1.7+.04=1.74, nearly. 

And repeating the operation with the assumption 07=1.74 
and a?=1.76, we find ar=1.747933. 

Also, by another assumption, a still nearer approximate 
value of X may be determined ; and so on, to any deg^ree of 
accvacy required. 

BINOMIAL THEOREM. 

Ex* 5. Here, the proposed binomial being V^O+l), 
or (1+1) , we hare p=l, <i=Y=l, ^=- 



Whence, 



m 



«=5l»=l^=l=A, 



2» " 4 2 1 2.4 
m— 2n _ 1 — 4 —1 1_ 1.3 _ 

3» ^**"" 6 ^2:4^T~2i;:6'"'^* 

tft— 3n 1—6 1.3 1 —1.3.5 

•Dd = — ~- X -r-r^ X T= 



4» 8 2.4.6 I 2.4.6.8 ' 

Where the law of continuation is sufficiently obvious ; 
and therefore we have -v/(l-(-l)=^2= 
^ I 1 1 . 1.3 1.3.5 1.3.5.7 

"*^ 2.4 * 2.4,6 2.4.6.8+2.4.6.8.10 ' 

Ex. 6. Here, we have to convert (8—1)"^, or (2» — 1)^, 
into a series. Make 2=ra ; then it becomes (a' — 1)^ ; 

where p=aS, ^=^, and — =s, 

. a* ' n 3 
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^» 6 30=* «3 3.6.a« 

1 1.« 1.2.& 1.^.5-9 . 

Or, BubstitDting 2 aod its povrors for n, fre hart 
^ J_ __! 1.5 1.5.9 

Ex. 7. Here again <243-^)*=:(35^3)*=(^«— 3)i, 

l^y w ritipg: a=*3 ; alao p=;«^ <l=^6-, and ^;s?^ ; «iii009«^ ■ 
Mm 

— AH~-x jX 'jr-^s^?--'^ 

m— n _ 1-~5 —3 >^3_ — 4.3* _ 

|»— 2» 1— .10 — 4.33 —3 — 4.9.3* 

3» ^ 15 ^5.10.«»^ 4I» 6.10.15#'^' ' 

Whence by vmting 3 for a, and caoGialliiiff ikfi lik# porno 
xrf 3, we bare 5/(243--^)=: V24055 ^ 

« 1 4 4.9 4.9.14 . . 

''•S^^6ao;3T-5:io.i5:3v i "-A.10.15.2ft. J^ * "^ ^ 
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±« I •!♦ • 



Bx. 8. Here, p=«, ^=—r> a»d --=5 ; thereibnr« 



fl ' — n « 
m— 2n 



1—4 — a?» * ±ar ±3a» -J- 



3n 

Whence, (iciaj^sr 

^J £^ a?» 3a?8 3.5g< . > 

* 1 =*=2a""2.4aa =^2^.6a» 2.4.6.8a* *' J 

«.-,>,» « ±6, ml 
Ex. 9. Here, we nave p=a, q= , and — =5: 

Whence, 
»«=a»=a8=A, 



m 1 a^ ^±h ±h \ 



2» ■'^"'"6"^ 3a "* ^"T-ysre^ — ' 

m— 2n __1— 6 — 2ft« 3b5_±2.56» -J_ 
3» ^*~ 9 ^3.6a« ^~7""~3.6.9a» * *~^' 
From which the law of continuation is obyiout ; aad 

therefore we have (a± J)^= 
i5 ft 25», 2.5&8 2.5.7ft* > 

** i ^3a 3.6a« ^3.6.9a« 3.6.9.12^*^' I 

Ex. 10. Here, p=a, ^=^^, and — =7, 

a fi 4 
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Therefore, 

«i 1 a^_— i — i i 

n ^ 4 1 a 4a * 

III— n 1—4 —6 4. —6 — 3fr« f 

n 8 4a a 4.8a^ 



m— 2n _1— 8 — 36« ^ — * —3.76' 4. 

Where ag^in the law of the series is discovered i and we 

have (a — by= 
jC h 36« 3 .7&3 3.7.116^ > 

i 4a 4.8a» 4.8.12a3 4.8.l2.16a* ' > 

In the last three examples, we have repeated the frac- 
tional root of the first term in every line ; but it is' obvious 
that this is not necessary, as we may leave it ottt of every 
term ; only remembering to introduce it at last as a general 
multiplier of the series. 

Or, we might have put our examples under a different 
form, as in the following instance : 

Ex. 1 1. Here, the proposed quantity may be put under 

the form a^X(lH — y; and, therefore, omitting for the 

9- 
present the multiplier a\ we have 

i»=r:i, q=-, ajud ~=s J whence, 
a 71 3 



m 



P*=:1*=1^=1 = A, 

m 2 \ X ^x 

n 3 1 a oa 

,»--n 2— 3^2«^« — 2jp* 



n 6 3a a 3.6a 



s 



3tt ^^'^T" 3.6o« a""3.6.9a»'~ ' 



Hi 

j^— 3n _ gU-& 2.43P* jT^ — 2.4.^3?* 

' 4n ^*"" 12 ^ 3.6.9«» ^a~3.6.9;I2<r* ' 

Whence, (rf+a?) % or «*(1 + *)'= 

=^ Jia.?^ .^^^ I ^-^^^ 2.4,7ar* ^ 

* ^ i "^aa""3.6a« ' 3.6.ytf^ "^3.0.9. 15f<i* ^' 

Which, by cancelling the multiplier 2, in the nmneratw 
tnd dcnonihiditor, becomes 

Er. 12'. Here, !^=s1, ^==— ar, and -*<»« 
Whencci we shall have 

*»=1»«?3e1'5^==1==A, 

m 2 1 — af —2* 

m — n 2 — 5 — Qx — x — ^2.3:^'" 

n 10 5 1 5.10 

.^M..^fi 2—10 — 2.3jc« *-ar — 2.3.ffa» 

an 16 6.10 ^ 1 6.10.16 ' 

Therefore (l-rjp)^= 
2a? 2.3jr' ^j^^ 2.3 8.t3a?^ -^ 
"" 6 6.10 ""iriald"? 6.10.16.20"" 

fix. 13. Here 7-:^i=(«di«)"^; Iherefinw 

ta±a:; 

±j? , m — t 
a ' n 2 ' 

Wlienc6 tre bare p«=a«=:ii r±A, 

And by omttting tfaii factor in the rabseqpM&t opcntioM^ 



1 45 



at — 1 ±« T« 






2» 

wi— 2n _ — !■— 4 +3j? « :j-ar _ T3'5ar» _ 
— 3^cq- g X2.4a« ^ a -2.4.6a ^ "*'** 

4fi ^*"" 8 ^ 2.4.6a* ^"o""" 2.4.6.8a* *' 

J. 1 

Whence, introduciiig^ the general factor a * , «r —r, 

a* 
we hare 



ia±x)^ 



i i ^2a+2.4aa ^2.4.6a3 "* 2.4.6.8a* "^* V 
a* 

a ri 

Ex. 14, Here, jz:sa(a:tx) * » 

therefore. p=a, q= , and — =-;r-. Whence, 

a n 3 



fl» m 



F «=:a "=a '^=-Y=:A, (and, omitting this term,) 

a^ 

n 3 a 3a 

m — n — 1 — 3 ^x ia;_^+4a:*_ 

2n **"*"~r^^"3^^T^~3:67^-~'^' 
TO — 2n _ — l— 6 4a?^ ::fcar_ :f 4.7j;» ^ 

3ii ^**"~ 9 ^3l6a«"^V""~3.6.9a» "~°* 
TO— 3n _— 1—9 iF4.7a? 3 -j-ar^ -f 4.7.l0a?* _ 

4n °*^"""15 ^ 3.6.9a3^^ a""" 3.6.9.12a* ^"^ 

«r^ 1 

Whence, introducing our tiro general factors ax-j^ 

a* 

we hare a(a±: x) •= 

n2 



U6 






A 



Ex. 15. tiet6, — l-^=r(l4-a?)"^ ; colttefiiMitlr« 

Whence* 
m ^1 1 a: •— ar 

-.,=— x-x-=--=.. 

tn^^^ —1—5 -^» . « +6a?« 

m— 3n 



Jn —1—15 -^.llar^ x +6.11. 16»* _ 

20 5 10.15 .1 5.1U.15.2U * 

Therefore, -r^ 

. rf, 6*« 6.11d?9 , 6.11.ie«* j,^ 
6^5.10 6.1U.16^5.10.15,2U 

fex.l.. Here. (^)^=^=fitt4x 

""^ (a— a?)^ (a— x)* 

(a+flr)- (4«— ««)^. 

omitting, till the expansion is effectedj (he lcadin|^ hctat \ 

—a:* m —1 

»+» } we hare f=:«« , <i==-^r-» *"^ IT^'T'* 



14? 

And, conseqncntlyy 



—1—2 ar* —«« S«* _^ 



3i» 6 2.4a 






m— 3>i _ — 1— 6 3 >5a^ — ar*_ 3.5.7af^ ^ 

— t 

1 x} 2x* 3.5a?» ' 
a^2a^ * 2.4*5 I 2.4.6^7 I > ^' 

Malt bj a^^'& 



•^m 



I«P I A/ 1 3a? . tS»oX I j^ 
'5+2«3'' 2.4a»^" 2.4.6a' •' **• 

^ iT^ x^ 3x* 3jc* 
Answer. H--+^-^_^^^j-H~-^. to. 

Or, the expression in this example may be redacej U> t 
taore iiimple form by tttkiog 

^a^x' "^ ' a — x' 

Bat, in order to hare the same answer a» above, thtf 
lem» df the result must be divided by a — x, and itftj^wen* 
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INDETERMINATE ANALYSIS. 

PROBLEM I. 
E2CAMPLE8 FOB PRACTICE* 

Ex. 1. Given equation 3a;=8y— '16. 

8*,— 16 ^ ^ , 2y— 3 
Here x=-^^y— =23/— 6+ ^^. 

Let — ^=i> ; then 2y— 1=3;? ; or 2y=3p+l ; 

3p-4-l J>+'1 

Whence y= q ~=iP'f'^^ J which latter will obviously 

be a whole number, provided p be taken any odd number. 

Sp+l • 8tf— 16 ^ 

A88ummg|»=3» we have y=2:-^-i_=:5, and ^=--^ — =®9 

which are the least values sought. 

Ex. 3. Given equation 14j;=5y-|-7. 

Here it may be observed, that since 14x and 7 are both 
' divisible by 7, 5y roust be so likewise; consequently y must 
be divisible by 7. X«ct therefore y^'Jz, and we have 5y= 
352 ; which substitute for 5y, gives the equation 

14a?=35;r+7, or 2a?=5;p+l ; 

Whence ar=-?i-=2a:-f2~-=fi>A. 

«+l 
Therefore ' =p, or a:=2p— 1 ; whence, 

52-4-1 10»— 4 
a:= — ^ — =— i^- — =5p— 2 ; and j=72=l4p — 1. 

Hence the general values of x and y are x=5/>— ^2, and 
y=l4|)— .7, where p may be assumed =1, or any integer 
whatever ; the former value, viz. |>=1 , gives a?s=3, and y:=: 7^ 
the least values. 



i4d 

£t. 21. 6ivett eqtttttkm 274r=:16aO-^ 1 6^. 
Here ag^aiD it will be observed, that since both terfns aU 
the right-band side are di visible by 16, the left-hand mem- 
ber, viz. 21 Xy must be so likewise ; which cannot be-eSLcept 
«r itself be divisible by 16 ; make therefore x^\6%y and our 
equation beoomes 

27.16«=1600— ICy; or 
27«=:100— y: 

Whence y=100— 27* ; and £=!}6z, where t may be a** 
Slimed at pleasure, providing 21% is less than lOO. 

If 2;=1, then ar==16, and ^73, 
iE=2, then a:=.32, and y=^46» 
2=3, then a:=48, and y==:19y 
Which are the only three answers. 

£x. 4. Let 7£ and ll^^e the two parts ce^fittred, then 
we have 7jc+Uy=100. 

Whence *=15^l2=,4_2H- ^. 
Make now ~^=td ; and we have 3y=7rf— 2,, or ysss 

^■ "" ==2J— -1+ -^^^ Again, make .^i-:=ft, and we ob- 

tain d=2h — 1. 

^^ I. "^d-^^ 215—7—2 ^, ^ 
Therefore y= — - — = ^ — -=7ft— 3, 

100— 111/ 100— 77H-33 ,^ ^^- 

And «== ' — „ ' ^s g- --i^ — ^==19—115 ; 

7 7 

Where it is obvious that h cannot be taken gpreater fhali 
1 ; making therefore 6= 1 , we have ar=2l 9-*-l ) 62^:8, and ysss 
76—3=4 ; therefore 8X7=56 is one part, and 4 X 11^44, 
the other. 

£x. 5. Given equation 9a?-|-13y=;=2000, 

__, 2000— 13tf „^ , 2— 4tf - 
Whence a?= — ^-- ^==222— y-{ --«=ssMfc. 

2-«— 4if 
Make now - r -- " ==p^ or 4y=2— 9|), or ' * 
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Here making -^£=9, we bare j9=2-— 4^, 

Hence y= — — -^= - j — ?=9^|— 4, 

2000— 13y 2000— 117(H-52 ^^^ ,^ 
and x= ^= ^^ — =228—13^, 



9 9 

> 

Where f may be assumed at pleasure, providing only that 
13^ be less than 228 ; it may therefore be an int^er from 
1 to 17 ; which latter therefore denotes the number of po8> 
sible solutions. 

If ^=1, then y=99— 4=5, and a:=228— 13^=215 
If 9=2, then y=Uy and a;=202 
If 9=3, then y=23, and ar=189 
&c* &c. &c. 

Ex. 6. Given equation llar-(-5y=254. 

264— 11a? ^, „ 1+07 . 

Here y= •- =51 — Zx — =trA ; 

5 5 

1+0* 

Whence making — ~z:zp, we have ar=5p— 1, 

And ^54-ll;^854-55H-tl^,3_„ 
5 5 

53 
Where ^ must be assumed less than ^r > that is =: any 

number from 1 to 4. 

If jj=l, then x=5p — 1=4, and y=63 — llj3=42 
|i=2, then a:= 9 ; and y=3l 
|)=3, then a?=14 ; and y=20 
|)=4, then 07=19 ; and y= 9. 

Ex. 7. Given equation 17a?+19y+2U=400. ♦ 

In questions of this kind, in which only the number of 
■olutions is sought, the answer is more readily obCained 
from the following rule : 
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Let ii«-{-6y=^c, be any proposed, indetenninate eqaation, 
and find the value of p and q in the equation, ap~~bq=il ; 
then the number of possible solutions of the equation ax'-\' 
hy=9y is equal to the difference between the integral parti 

of the fractions -7-vr -^.* 

o a 

In our proposed equation, by transposing 21 2, we hare 
17j>4-19y=400— 21«; and by giving x the several values 
1, 2, 3, 4, &c. we obtain the following set of equations ; 
p being =9, and ^=8 ; 



Equations, 
17a?+19y=379 ; 

17a?+19y=358 5 

17a?+19^=337 

17a?+19y=316 

17ar+19y=:295 

17x+19y=274 

17*+1 9^=253 

17j?+19y=232 

I7a?+19y=211 

17a?+19y=190 



•ATo. of Sotidions* 
9.379 8.379 



19 
9.358 



17 
8.358 



19 
9.337 



17 
8.337 



19 
9.316 



17 
8.316 



9.295 



17 
8.295 



19 
9.274 



17 
8.274 



19 
9.253 



17 
8.253 



19 
9.232 



17 
8.232 



=0 



19 
9.211 



17 
8.2 U 



c=0 



c=0 



19 17 

t9.190 8.190 



19 



17 



^ See Barlow's Theory of Numben. 

t When any of the left-hand fractions are exactly equal to an in- 
teg«r» the quotient most be diminished by an nnit 



17«+19y=;127; 
17H^l^FEl08f 
17»+19y= 85; 
17«+19y=> 64; 
17«4-19y= 49; 
17x*fl9^ 22; 



ld2 

9.169 8.16(^ 



— «^na>^w— w> 



19 17 

9.148 8.148 



■ " I I 



1 
«1 



19 17 

9.127 8.127 



19 17 

9.1t)6 8.106 



=5l 



19 
9.85 



11 

8.85 



19 
9.64 



17 

8.64 



ssa 



19 
9.43 



17 
8.43 



=0 



19 
9.22 



17 
8.22 



19 



17 



^0 



Total number of solatioiw s:lO Am. 

Ex. 8. Girentbe equation 54r4'7H~^^^^^^* 

Here % maf haFe any value, rrom 1 to 19, which g^res 

<be following^ net of equations ; also in the equation 5p— 7^ 

«slS ure hare |)z±3 and (p=2. Hence 



5«^7}=213; 
S«-|r73f:s;202; 
£i^7y=:l91 % 
fi»4-7y=sl80; 



J^^o, of Soifitions, 

3.213 2.213 ^ 
=^6 



•mm---^rr- 



7 6 

3.202 2.202 



~6 



3.191 2.191 . 

7 6 

3.180 2.180 



■=5 
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5a?+7y=147 ; 



3.169 



to+'ry=xl44 ; 
6*+7y=103 ; 
5dr+7^= 92; 
5d;+7y=: 81 ; 
5ar+7y= 70; 
5«4-7y= 59; 
5;r-f'7^=: 48 ; 

BM+^ysi .37 ; 
&«-^7y=: 26; 

S»+7SR= 15 ; 



3.136 



■^?S^ 



Total number of solntioQs s59 
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Ex. 9. IMx be the number of half guinetSy ^and y the 
number of half crowns ; then the nnmber of sixpencea in 
each of the former* being 21, and in each of the latter 6 ; 
alto the number of sixpences being 800, we hare the fill- 
lowing equation : 

21a?+5y=800; 

Here the equation Zip — 6&=:1, gives pari, and (=4 ; 

Tiru u -1. 1 1-800 4.800 ' . 

Whence by the rule ■ ■ "■* *■— ^ — =7» Answer. 

Wher^, as in the preceding examples, the first quotient 
is distinguished by unity being exactly integraL 

This rule, which is taken from Barlow^s Theory of Num- 
bers, is much shorter than that which depends upon an ac- 
tual determination of the several solutions : \he latter ia 
omitted here as presenting no difficulty to the student who 
has attended to the preceding solutions. 

Ex. 10. Let X represent the number of guineas I have 
to give, and y the number of louis-d'ors I am to receive ; 
then by the question, 

21a?— 17y=l. 

Hence 1 7y=2 1 x — 1 , or y=a:-|— — -= wA, 

4x 1 

Make ==p ; {hen 4a:= 1 7p-|- 1 , 

or 4?=4p-|-i-j--=u?A. 

Where, if we make ^4^=6 ; then p=:4^-*l, 

4 ■* 

And consequently x=:4p^^^^^=il7p'^4i 

4jp— *1 
Whence also we have tr=x+— -.r^=21«^— 6 ? 

^ ' 17 '^ 

Where /> may l>e taken any number at pleasure : if we take 
;>==1 ; then ar=13, tind y=I6, which are the least numl>ers, 
viz. 1 must give 13 guineas, ^d receive 16 louis. 
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Kx.,ll. |j«it ,07, ^, and 2, be the number of f^aUons of 
tort respectively ; then by the question 

By transposing the terms of the latter equation, we have 

But x+ y+z=:1000 

By subtraction, 6ar-|-3y=1000 
Where it is obvious the answer cannot be obtained in inte- 
gers, because the first side of the equation is divisible by 3, 
and the other is not. We may therefore assume ;c or y at 
^ensure ; taking for x the value given in the answer of the 

Introduction, viz. x= 1 1 1-, we have 

9 ^9 3 9 

- 7- 
anck«=5x+2y=T77- ; 

That is,.ll4 »t 1^- ; ^^4 *^ 1^'- ; ^^ '^'^Z ** ^®«- 
INDETERMINATE ANALYSIS. 

PROBLEM II. 

£x« 3. Let ar= the number sought ; then by the ques- 
tion 

■ --, and = whole numbers. 

a?— 2 
Make ==p ; then a:=6p+2. 

Substitute this value of » in the second equation, and we 

13 13 



Id6 

Let now ^^=^ i tbeii 9=»=6r— i ; and paA 6 

eslSi-^— 2; and consequently ar=±6(l3r— 2)+2^78f^-10; 
where r maj be taken at pfeasure. 

If r=l, then of =68. 

Ex. 4. Let X be the number sought ; then hj the qite«* 
tiofl 

*""^-, and ^^^= wholfe nnmbefSf 



Make — ^=rp, or * s=57/>+5. 

Subttitvte thii value for 3t in tbeiOeend eqylwn^ and ir« 
liare 

Make -2^=9 ; and we hayep=:-^^-*s^ 

Let now ^I" = r, and we shall hare ^=--3Ls-3,wj. 

. .M-1 V 

Again, let there be taken •~^=:zSf or r=2#— -1 ; 

Then qss-^ — ^^ =7»^2, and/ps-^ — —^ — =: 9# 

--3; whence we have a?=7(9f— 3)+5=:63f— 16 ; wlM«^« 
may be taken at pleasure. 

If tszl^ then x=:47 : and if tsc2, x^l 10, Sdb. 



167 

lix. S. Hen fay the qo^tion w* lwT« 

JZ — , and ,^ - c=s whole numben ; 
39 - 56 

Make ^^=^=ii, or a?=39p+16. 
'Hiiti^iiibs'titttted in the second equation, fg^woi 

66 66 ^^ 66 

Make ^ = q, or p=— 7;^ — =3i?— 1+ -jp- 5 

Then ^j" =wJ^. 
17 

Also make -^rl~-=^ ? 

. 17r— 6 ^ ^ , 2r— 1 . 
Then ^ — r — =3r— l-J ~=m)A. 

Mafce:2Zl_=« ; then r==-^=M---|--=«^- 

Let thetefopB ---=', and wc have #=2«— 1 ; 

z 

CoMeqaently r== ^^^~'^"'"' =5«-2, «**«= ' 

6 *■ ' . 

^6«— 27 ; and a?=39(66i— 27)+ 16 =21841— 1037; 
Where t may be assumed at pleasure. 
When t=l,then ar=1147, the least number agrreeing 
with these conditions. 

Ex. 6. Here putting x for the number sought, we murt 
hare 

5ri, fzf, and ^^, all whole numbers : 
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From the first, by putting^ ^^y^P» we obtein xsitp+Bi 
ftnd this substittited in the ether twp» girei 

— J— ajpfl , . gj.-= ? |7h9lejiumbei9: 

Let now ^~-=rr, and we have jssTr— 2 ; 

Whence again |>=:->^-^^ 2!lL_=8f^— 2 j 

Now, substituting this raiue oip in the third eqnatioD, w« 
shall have 

7(8r— . 2)— 3 66r— 17 

' g — — r = a whole number ; 

or 6r-.?_+?!±l=uA, 

Let therefore ^^=#, or r=2f=i=4«+?=i. 

Where — ^ is likewise =&uiA. 

And let -j-=^ and «=e2«+1. 

PjPomHhts jwe readily ^vaw tlie following Tttlaesy 

5=7(9/+4)^ 2=63^+26, 

1^= ■ ^ ^^ =72f+30, and 

*=7(72«+3Q)+6=504<+2l6, 
Where t may be assumed at pleasure. 
If teO, then a:=2t 5 ; If <=2, then x=l«2S ; 
If fcal, then «=7I9 ; If 1=3, then «t=l W, te^ 
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fis« 7* I^et « b^ the number sought ; then, by the que*- 

tion* - ' { ' ' ^. 

ft jt X X X X X X 

9* 8* 7' 6' 5* 4' 3' *^ 2' ™"*' ^ '^^ ^^°^® numbers. 

XX X ^ X X 

No?r, first, if - and - be whole numbers, ^> 2» 5 *^ S 

nmst necessarily be so. 
We barO} therefore, in the present ci«b« only to find 

X X X X 

9' 5' 7' d 

whole numbers, which must have place, if x be made equal 
^ to 2520, the product of all these, denoininators. 

•Ek. 6. Here, if wo put x for the number, the conditions 
are, that 

X X X X X , X—'5 

2'3'4'5'ft'"'^"T~ 
must all be integers, or whole numbers. 

But the first five of these fractions, when brought to a 
common denomiuator, are 

20x 20£ 15a; 12^ - 10a? ^ 

60 ' 60 ' 60 ' 60 ' ^° eo ' 

Whence, as any multiple of a whole number is a whole 

X X •■" 6 

numbitf , we have only to make ^ and ——= whole num- 

bers. 
Or, as in the preccdiug examples, these conditions may 

XX X 

be reduced, by observing that if -, -, and - are whole 

X O O *' 

X X 

numbers, '- and - vnust be so likewise ; 

And the least value of or, wbieh answers the dhreeibv" 
mer conditions, is a:=2X 5X6=60; or, therefore, most be 
multiple of 6D. 
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Op, and the lait conditioii is tliat--^~-si 
uhoie number. 

Therefore ^V^ =r tr/co/e miifi&tfr. 
Make ^^=^. theii|)=55ri[£=s2^1+£=l : 
Agfh, let 2^-=r, and ire hare q=3r4-l ; uid coaw* 

«5 

Where r may be assamed =3-0, or an j inteiper whatef er.- 
If r=:0» thenjp=3, and x=6(]^=180. 

DIOPHANTINE ANALYSIS. 

qUESTIONS FOR PRACTICE. 

£x. 1. Since x-^i^wadx — l,are to be both sqt^arei, 
let x=y*— 1, then x+l=xy^^ which fulfils the first condi- 
tion ; sind therefore it only remains to make 

Let y^ — -2=(y— »1 )'=:y' — 2y^ 1 , and we shall have 2y=3, 

ory==f, ory*=f ; 
Consequently x=y^ — 1:=-)^1=^, the number sought* 

Ex. 2. Here a?-|-4, and a>)-7, must become squares. 
Let X'{'4=ip^,oT x=szp^ — 4, then j?-f-7=p*+3=n, 

Letp»+3=(H-9r-i''+2W+9* ; 

3— 0> 9— 2StfM-0* 
Whence p= ■■ ;/' ■ , and, consequeBtly, «= ^ ^ s 

• and if we take - ^o, we find a:= ■ . ^ ^ ■■ ' . m wluch 

« ^ 4r*** 

we may substitute for r and « any intiger numbers what- 
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Cx. 3. Here 10-|*a?, and 10 — ait, mtist become squares. 
This mig^ht be done by the method that has just been em^ 
ployed ; but let us explain another mt^ie of proceeding^. 

Itisendenl that(104-a:)X(lO— a:)=100— x», must like- 
wise become a square ; iiovr its fir>^t tenn bein^ already ft 
square, let 100— a:te(10— .2?a:)2=100ip-20p«-|-p^»» ; there* 



fore a?=-~-^ ; 



Vow it is only necessary to mako one of these fbrmttlsBi 

e=a, because it necessarily follows thnt the otiier will be 

.A I 10/>H.20p+lO 10(p«+2»+l) , 
• square ; noi^ iO+«===--i:jqf^ an* 

^ncep9+tp+lz=:a.~^,orl^^L . but tho de- 
nominator =Q, hence lO0^-f-lO=a ; and here it is ne- 
cessary to find a case in wiiich that lakes place. 

When;>=3, tlien 10p3+10c=:90-f 10^100=^. Letp=a 

3-|-7, and we shall have lOO+eo^+lO^^^rQ . Let the root 

of this be 104-9^ ^^^ ^e s^^^* ^*^ve lOO-fGO^lO^^sclOO-l- 

60— 20< 
20g*+-^*<', wbenoe y=g- ■ -_^v , by ^rHich meaai w shall 

detennine p=:2^q^ and a?=-j^. Let te3, Chen 9=0^ 

and ^^3 ; therefore :i7s6, and, consequentlyy I0^xss^% 
and 10 — x=4.* 

Ex. 4. Here ar*-|-l, and ;r-(-l) are to be both squares. 

Let a?+l=3s/>^ora?=^-^l ; thenar«+l=p«— 2/?2-f '^sD ; 
which last formula is of such a nature as not to admit of a 
solution, unless we already know a satisfactory case ; but 
this is a square when ptszi ; therefore let js=l-f>9, and we 



* See, for a moiPe|^eral «o1otioa of this and several ^ lbef|»lloir<« 
log questions, Euler's Algebra, vol. ii. p. 174. 
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feAftn hiitc ^^-f I^l+^'+49*-f*9^>^^M)b nay become a-" 
square several ways. Let 1 -H^ =' the side of this square v • 
then l+4q^+4q^+q*=zl+4q^^4q* : therefore 9=f,aDd 
jpK:|>; consequently 4?= V"* 

Ex. 5. Let x^iy*9 and «' , be the numbers sotight. 
TheB««+ar«=D,y«+««=D,anda?'+y«=D. 

Or,|J + l = a.J^+l=D,and g+|l=a. 

X «'-»l V r'— 1 

And, by putting^ -=3— -— , and =^=-2 — » "^^ •^*'*^ ^•^* 

x^ , . **+2«'+l ^ . y« , r*+2r «+l . . . 

both oyidently squares ; and therefore it only remaiDt |o 
make -j-f-2_.=- a square. 

i= ^ ■ ' ^^ ^^ ^ - ■ ■ ia= to a square number. 

Or, r« X(*«-.l)»+f«(f«-l)«=r«{t+l)»X{#-l)H.#* 
(f^-l)* X (r— 1 )' = to a square number. And, by making^ 
r_l=#-|-l, or r=#+2, we shall have («+2)' X(H-0* X 
(t_l)«-f #« X(#+3)* X(#+l)'= toasquare number. Or, 
(1+2)2 X (#—l)»+f« X (#+3J'=2««+8#»+6««—4#+4= 
to a square number. 

Let, now, the root of this last square be assumed = 
A,«— ,+2: then, 2**+8i»+6#«— 4H-4=:(^ia— s+2)«= 

or, 2t+8=:tf *--f . 

Whence *=— 24, and r=— 22. Andf=— =^a:-.^. 

y r«— 1 483 675« . 48S« 
and -=-s — ^= — rr » w ^'^=— -is-* and y= rr-« 

% ftr 44 ' 48 ' 44 
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Ip order, thereAire, to have the antwer in whole niiiA* 
%en^ let jb^5S8, and we shall hare «=— 6325, and y^— 
5796. And oonsequentljr, (628) «, (6706) «, and (6326)*, 
•re the squares required. 

Ex. 6. Let the nmnhers son^t be x and y ; then 4f ^«^ 

3|c=D, and y'-|-a;=0. And, if r — a; be aMumed for the 

^de of the nrst sQoare x'-f-v, we shall have x'-^^^^r*-*- 

2rr+jr*, or y=acr*— 2ra?. Therefore, by reduction, 2r«= 



r» 



r^— 3r> or jpx=— — Z» Againi if y+# be assumed fiir the 



2r 



.3 



r"— y__, 



aide of the second square, we shall have y ' -| — — i^(y^-«) * 



r» 



=^*+2«y+**- Whence also --^^^^iy+s^jorr*' 

Arstf^2r»^. Whence, by transposition and division, we 

r*— 2r«> , r*— y 2r«*+#* 
hare tp=^-r; — tt-j *»" a: = - - =— — ~— ; where r and 
' 4r*+l 2r 4r*-|-l 

• nay be taken at pleasure, provided r be greater than Zs^, 

But to find the answer in the book, accordipg to Euler's 
method, let x'-|-y=(2} — xy ; and, at the same time, the 
other y2-(-ar=(^ — y)«, and we shall thus obtain the two fol- 
lowing^ equations, y-^-Zpx^^p^ , and x-\'2qy=:q* , from which 



, we easily deduce x=~-—~-^ and y=-T^^^ — 7-« in which 

.p and ^ are indeterminate. 

Let p=h s^d 9=f , we shall then have a;=^, and jpe 
-ft, whence we derive ar«+y=:7fff+TV=^J=(^)«,and 

^•+«=TWH-A=-iVif=(A)«. 



Ex. 7. Let 0?', y', and i^', be the numbers required ; 
then, by the nature of faannonical proportion, ap'— y* : y*-— 

z* ::»*:«*; hence y'=- 



arSjfS 



^X» \. — Z — ^ * »quare ; therefore, since the nume* 



2 r i \ 2 
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rator is almdy a square,) ^^^y+^-^^y must tie « 

square ; we bare, therefore, to fiad two squares (^i^)' 

4iid (r^yt such, tfaat tbeir sum may be & square. This 

will be accompliiheil by takiiig-^i-as^f*, and - T sij § 9 mm, 
•' ; for then y=:r^-|-«', as appears from note, page 228 
in the Introduction. Hence, a?= ^ + - a " =2rf— r*+ 

«* ; and «=— ^J -— =2r«+r*— ** ; then, y, or the root 

of -irr-;r» ^iW be = tt-h • Therefore, 2r*— r* 

+*' » rMl?J ' ^^ 2rH-r«— #« , will be the rooU ef 

three squares in harmonical proportion. Or, if each mini* 
ber be multiplied by r'+''« ^© shall have 2r^i+2rt'— r* 
+#♦, 6r«#«—r*—»*, and 2r3*+2r»'»+r*—»*, for the three 
roots, where r and « may be taken at pleasure. 

If r=l, and «=2 ; then 07=36, y=7, and t;=s5 ; and tbe 
three squares are 35^ , 7^ , and 5^ , or 1225, 49, and 25. 

Ex. 8. Letx', 3/^, and 2!^, bo three cubes, aucb, that 
their sum j^'-l-y^-f-z^, may be equal to a cube =3:9' ; tbeo, 
by transposing one of the terms, we havex^-f-y^^o'-^z'. 
In order to satisfy the conditions of this equation, pot x^=:» 
-f"^» and y=u— to ; then we have JC*4"y'=2ii(M*-4-3ii»*). 
Also, put «=r-|-*, and «=»^— #, and then we have «'— ^* 
=:2»(*«+3r«); whence 2tt(u2+3w2)=2t(#«+3r2), or 
ti(«a +3w« )=»(*« +3r8 ). 

Assume %t=nU^^np^ and n/s^nt^^^mp ; then ti(ii'-|-3io') 
=(m<+3»ip)(m'-|-3n*)(e^3p^. Also, assume «=a/-4-3^, 
and r^ct-^p ; then *l#»+3r«)=(4rf+3cpX«'+3e«X''+3p*)» 
•whence (iii£ + 3A;»)(ffiM-3ii«)(f^-3p<)=(afH-3(7)(aH^ 
<l«+3p«) ; or dividing by «*+3/>«, (iiiH.3ji;>) (»' 



f^3c;,)(««+3c«), and fa3c(a»+3c«)-3n(m«+3n«) 
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Or, if p be takeii.==iii(TO»+3n»)— «r«i«+3c*^. tfto^ls: 
3c(«'+3c»)-3/,(ci«+3nS) ; where a, c, mTand b, niajr li« 
any numbers taken at pleasure. If we suppose f»=ib, and 
4i=c, then /=12c3, and p=w'^-4c» ; hence ti=12inc', tp= 
4mc«— m* *as3cm', anar=tl6c*— cm» ; tlierefore a?=:u+« 

and t>=r+*=^l6c*+12i»^3, jm^,^^ jf ^-_.^-.l^ jl,^„ ^_^5^ 

yar^, «=3l2, and t>^18 ; oi* dividing by », a:=5, ir=3, 2;=4.- 
and«=6; so that 3 »+4 3+5 3=6 C '' 9 ^ 

-Again, if we sur^[>os6 a=sO, and c=?l, we shall find »=sa 
-.3/i—(m»+3;i»)+m, y=r-3n+(m2+3n3)— m, «==(3n— 
•)(»'+3^^)+liand«==— (3fi-|-»i)(m'»+3n»)+l ; where, 
ii m=:^l, and n=K then a:=— 20, y=14, 2;=17, and «=— 
7, so that we have 143+1734-7'=;:20'. 

Ex. 9. Let 0? be one of the parts* then 100— a:^ ^\\\ \^ 
the other part, which is also a square number. Assume the 
side of this second square =2a?— 10,* tlien will 100— ar^ss 
(2*— 10)'=:4ar»— 40a;+l00 ; and, consequently, by reduo- 
tion, a:=8, and 257—10=6. Therefore 64 and 36 are the 
parts required. 

Ex. 10. Let X and y denote (he numbers sought ; then, 
by the question, x2—y«=x—y, and a?«+y2--Q, The first 
^nation, divided by a? -^y, gives je+y=J ; Uenqe ;i?:^l-r-||, 
^d J:«-f-y« = l— 2y+2y8= a square. 

Assqme 1— ry f* r its aide : then I— 2y+2y2=l— .2ry+ 

, - - 2r— 2 r* 2r 

r'^y^ i whence y=--.—-, and ar=l—y=~ — -; w4iei^ r 

«ay be taken at pleasure, provided it be greater than 2, 

4 3 

If r=3, then y=~, and «==» the answer. 



n'i'fi .ij .n i jt 



• If a>— Id hnd been made the sida of the wcund <qufti«, ia the 
«bove 8olutii>ti of this question, instead of Sjr—lO, the equation would 
have been arS—SOar-f-lOOsslW— ofS; in which case, x the side of the 
first pqimrft, would have been found « 10, and a— 10, or the side of 
the second square aO ; for which reason the substitalioi* «— 10 was 
avoided ; UK Sir— 10, 4a>— 10, or any other quantity of the same kind, 
woold have succeeded as well as the former, though the resolts would 
nave been leas simple. This question is done generally, in example 
4, preceding qoestiooi for practice in the IntcodiictioB. 
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Bat. 11. Here, if we call x and y the two oumbera^ we 
bave to find x^xy^ Q 

Now if we assume a:=m^, and 5f=fi', these beoome 

vhiQh iiiust be both squares 4 that is, we must kav« 1+n't 
end 14"''** > both squares. 
Assume »«-fl=5(n+r)2=n«+2rfi+r« I 

Then, from this we haFe fp= — ^; — ; lusd in the same 

1— ^' 
manner we have m^ — - — ; 

Ha 

Consequently a^=(— 5 — )^» ^°^ ^^^""1^^' '• '^^^'^ *" 
and « may be assumed at pleasure. 

If r=2, and i=3, then ar==-^ and y=-Q-- 

. Which numbers answer the conditions of the question ; 
but tliey are both square numbers, which is not a necessaiy 
condition. 

The question may, therefore, be otherwise resolved, as 
follows .: 

Let X and a:— 1 be the two numbers ; then we have tp 
find X'\-x(x — 1 )=ar' , and 

(ar— 1 )+a:(a?— 1 )=a?« — 1 . 
both squares. The first of which is so, and therefore it only 
femains to find x^^\ a square. 

Make ar«— l=(x— r)*=a:«— 2rx+r«, 

r^+1 
And we have «=— -^ — ; whera r may be any number 

^^ater than 1. 

5 2 

If r=3, then «=« and x — 1=^, which numbers answer 

^bc eonditions of the question. 
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tlx. 12. Let j:',^^, aotl z^ represent Uio refVied 
•quares ; aD(l' we shall have to solve the equation 

In order to which, let ar=7n-f n, and arr=m— n, then 

aj2^af22=:2i»2+2n2=t%2 j 
In which case, it only remains to find 

Let m=/>2-:-q2 , and n=2/?^, and we have at oncd 

Hence the ibllowing' general results, viz. 

«=p»— 9^4-2;?(2, and ar* =(;?«— <^2+2p9)« 

Where /^ and 9 may be assumed at pleasure. 

If ^=2, and 9=1, then x==7, y=5, and z= — 1 ; 
Consequently, the square are 49, 25, and 1. 

*Ex..l3. Let ix^—T/fix^i and ^ar'+y, be the tbive 
numbers in arithmetical prog^rcssion ; 

Then, we have to find a:^, a:'+y, and a?^— y, rational 
squares ; or a:'-f-y=»n*, and x* — y=n* 

Assume y=:2ra?-|-r'^ < then we have 

x' +y=x' +2ra;+r« =^lx+r) « 
And therefore it only remains to find 

07^ — 2ra: — r* =;i^ . 

Assume a:'— 2ra:— r^=(*— m)«=:a:'»— 2mar+ift2 

And we shall have a?=r--— ^^^-^ — , 

Where m and r may be taken at pleasure. 
If m=5, and ^==4 ; then, ar=:^, and ^ar«=:AY^. 
Also, y=2rar+r2==4l X 4+16=1 80 ; whence, the three 
numbers will be 30^, 210-J^, and 390-J^. 

And if these numbers be multiplied by any square num- 
ber, the same conditions will obviously obtain : 

Hence, multiplying by 4, we shall have 
120^, 840i andl560f; 
which are the numbers g^iven in the answer in the Intfo- 
Uuction. 
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And if these last be again multiplied by 4, we shall har« 
482, 3362, 6242, which arc all iutegral} and equally answer 
the conditions of the question. 

The question may be othenoise salted as follows .* 
Let Xf fff and z, be the numbers, and assume 

Then wc shall have 

Where, since the numbers arc in arithmetical progies- 
sion, we have 

x+z=2y ; or n-'=»i' — n^-^r^ : 

^Therefore we have only to find m*+r^=5n' ; thatis» 
three square numbers in arilhmclical progression : 

Whence, from Example 12, we shall have 

r«=(p«— 92+2p^)« 
And consequently 

X=Kp^+q^y--4pqip^^q^) 

Where p and q may be taken at pleasure. 

Ex. 14. Let dp, y, and «, be the numbers sought; than 
by the question, 

Assume x'+y-|-«=(x+ii)'=x' +2f?af+«* : 

Then we shall hare x=2^tLII — . 

2n 

This Talue of «, snbstitated in our second and third eqna- 

tioot, gives 



i69 



y'+'^^-^'^p 



'+ 2n ' y=^^' 

ilence, assume yH- !'"^ -+'g=(yTP) ' =y ^ —gpy+P'^ - 

And «»4i±|=2L|.y=(«w)»=*»— 2«<+«« 
And we shall noir obtain 
Prom the Ut. «!i!l^|±?!^, 

Whence, 
tta — y-'^pny+Znp^ »' — y— ^y+gfu* 
1+211 ^ l+4n* ' 

And consequently by reduction, 

y^ 2p+2«+8n|>*— 2— 2n 

Where n, p, and i^ may be assumed at pleasure. 

18 ft 

If n=l,j)=4, and *=11, theny=l, 2?=—, and a:=x:-; 
^hich are the answers given in the Introduction. 

Ex. 15. Assume Sx and 150? for the two numbers ; then^ 
by the question, (fixy^(\5x)^ is to be a square. 

But (8x)«+(15a:)«=289a?'=(17x)* ; therefore, a: may 
be any number at pleasure. If sr=72, ire have 576 and 
lOdO for the numbers soag^ht. 

' Ex. 16. Let X and y be the numbers soug^ht ; then, hf 
the question, we have to solve the equations 

af*+J^y> or :p(a-|-y)=m* 
y*+a:y, ory(»-|-y)=n'' 
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Assume x^ssp^ « and y^=^q^ y and th^ beeoms 

Which conditions will foe fulfilled, if wto findpS+9*=s a 
square. "" 

NoiF, we have already seeii (Exslmple 12) that for thii 
purpose we ba^e only to assume 

pzsr^ — 3^, and 9=2r» 
Tliereforc, a?=/>«s=^(r*— tf^)* 
Andy=7«=4H«* 

Where r and s may be assumed at pleasure. 

If r=2* and «=1, then a?=59, and y=16. These, how- 
ever, are square numbers, which is not a necessary condi- 
tion. 

Now, it is obvious that any multiple whatever of the 
same numbers will equally answer the purposes required in 
the question. 

We shall have, therefore, a more general solution by fa- 
king ar=((r«— *«)«, and y=^4tr^8^ ; whefe r, *, and t may 
be assumed at pleasure. 

Ex. 17. Let X and y represent the two numbers ; then, 
by the question, a?*^-f-y'— l=:m* 

Assume x=y+\ ; then, these two equations reduce to 

Where, pnttinir the first under the fornr2y(^l)siii*, aad 
substituting 2y^=n^y this becoiVies 

n''(y+\)=m\ 
Consequently, y-|- 1 must be a square ; let, 

therefore, y^\z=sp^ ; then, since we 
have found 2y=n^^ we have, by 
subtraction y=:n'— p^+l 
And, consequently, a:=n3 — 'P^-j"^ 
Where n and p may be assumed at' pleasure. If n=z4f 
and />=:3, then y=8, and J?=9, the numbers required. 

Ex. 18. Without attending to the particular numbers in 
the question, let us endeavour to resolve any given MinMe 
nnmber into two other square numbers. 
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For this jpwcfwet ^^ «* represent tin pvetf ctfrnore tUftt 

is to be 80 resolved, and put x^ and y^ for the required 

squares., . ' 

Then we hare to satisfy the equation 

or a' — y9=a:'. 
In order to which, let us assume 

px 
^y q 

P 
From which we have, by addition and subtnction, 

^ px tgx__(p^'^g^)x 

2<i= I" < - I '- — - 

q p P9 

_jpx qx (p ^ — q^)x 

^"" 9 " 1> P^ 

Whence, by multiplication and division, 

2pqa 



(p« — qi)a 

Where the indeterminatcs p and q may be assumed at plea^ 

Butitisobviousthat2p9andp«+7'»,a8 al8op«--^« and 
psjl<y«, being iiiconimensiirato, the vahiesof arandymust 
be fractional, except a be divisible by p«+v'. 

That is, unless a be 4ivi8ible by the sum of two squares > 
and then the question will admit of as many integial an- 
swers as a has divisors of this form. 

Now, by the question, a=65 ; and 65 is divisible by 5= 
2»+T<by 13=3^+2«, and by 65=:72+4«=8«+l«. , 

Hence, we may assume |)=2, and ^=1 ; or p=3, and 
«=« ; or p=7, and 9=4 ; orp=8, and q=l ; 

Which ffive the four following solutions, 652=:16'' +63»=3 

"^ ^ 56a+338=60«+25»=528+39S _ 
These being the only integral answers tb« qnesUon ad- 
outs of. 



' Hx: 19: '•tjetx*,yfaxid^,'he the ncimlitehi requirM, 
And put the giren namber 19=a ; then, by tlie question^ 
«'+a, y-f a, and^-f^y are to be all squaret, or 



y' I -i- « 



«3 



Assume ««+a=(r— ar)«=r>--2rar+x«, 
aud y-|-a=r* ; 



r'— a 



Then, we liavex=— 77 — , and ^=s:r' —a ; 

\Vhcrcfbre,*=2r, and ^+a=4r»+<r, which must be 

a square. 

Let, therefor^, 4r«+a=(^r+*)«=4r8+4rH-**i 
In which case, we shall have r= 

And, cdiisequentJy, y==(?!^^)«-5 

Where « may be iaken at pleasure, provided (—r — }^bo 

greater than a. 
But, by the question, 11= 19 ; if, therefore, we assume «=rl, 



4s 



; . ,19—1,2 ,« 5 y «— «» 19—1 ^ 

we hare y=f — : — )'— 1 9=- ; ^h=— ^ — = — - — =9* 



and 0:= — ^9= — . 

4 U6 



Heoce, the three numbers are 

,t=(±i* ^-!i., y= 5, and ?^=9«=8i. 
^3e^ 1296'^ 4' x^ 

The question may bb otherwise answered, thus : 

Let 4«*i and x'— a, be two of the numbers ; then t-^ 
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wfBh0 the Udrdmnnber; and, b j the ^tttte, 

Here, the second and third equations being squares, it ea- 
Ij remains to find the first Ax^^i-a^m^* 

Assume 4«'*+a=f2a?+*)«=4a?'»4-4jx+««, 

a— «^ 
Whence, x = — — ; where s may be taken at pleasure, 

prorided only that «' be less than a. 

Ex. 20. Lct^aedyho (he tm^irambers we hare to 
find; then, «^-^-y2+a?y=»i* 

Assume «'-fjpy+y*=(a:4-0'=*^+2»''+''' 
And we shall have x^=^^ — '—, 

Where r and y may be taken at pleasure^ provided y M 
greaier than r, but less than 2r. 

ir y=3, and r=2, then «=5 
y=5, and r=3, then 9=1 $ 
y=:7, and r^=5, then «=8« 

Ex. 21. ir a?, y, and s; are taken for the three vaaAmnf 
«e bare to find 

ar94'2?.y=0 
Or, dividing by :r^, we have, iorthat Case, 

aH ' or 



Hi 

Or if, iooKniertoiiapUry iheexpvefiskm, wtt pvt ^scnry 
lind -=n, tbe above will become 

X 

Fhim the first, jnn=r^ — 1 ; assume, tiicreford^ 

nsssr — 1 
And tiiere now remains to find 

Assume r*+3r=(r-Hi>)»=:r2+2niJ+tc2 
iTh^Dce, r=g— ^;- ; which, substituted, gives 

w* u»2 (3— 2«r> 2(3— 2to)« _^^ 



(3— 2w)» (3-^2to)« ^ (3— .2w)* 
Or fc*+2w«+5ir«— 12ic+18=n 
Assume this =z(to^+w+2y=: 

Then, — 12w+18=i4w-f'4, 

to* 49 
And wc ^hall have r= g::^-^^^.. 

129 —31 

Consequently, m = — , and «=-yQ-f 

Or a?=80, y=129, and 2=— 3(, 

Wbicli are three numbers answering' the required <»>ir- 
ditions, and a similar process will give the three numbeft, 
73, 328, all positive^ 
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' iBx. 22. Find three squares, a**, 5»;c*, siich, that their 
Mum may be a square, 

shall obtain c= , 

'*r ' 

where a^ b, and r, may be .taken at pleasure^ pRMrided r* 

be less than a^^b^» 

This being done, let ax^ bx, and ex, be the required 

squares; then, a^x^+b^;c^'jrc^x^=d^x* . 

And we haye to find 

d^x^+ax^n 

rf^af'-j-6x=a 

Or, dividing by 4^, and putting ^=?=»», Ja^^f**^ *^ 

-~=:p ; these become 
a' 

x^'\'nx=zO 
.x^'\'px=0 
Ataume x^ -J*ma:=±(?^— a?) ^ =r' — 2ra:+a:* 

Then we have a?=s— i — • 

This yalue of x, substitute^ Jn the second %nd tfainl» 
gives 






And, since the first two factors of oach are squares, we 
liare only to find 

Make r2+fi(2r+m)=:(*— r)»=*"— 2yr+r'> 



''Jl'hen we havjc r= 
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Whi^ ^xkt ofr, nibftituted in th# I»tl«r#qiittioo, 

Wkicb, by reduction, be^pine^ 
(f«--»m)«+V(H*m)(n+^)_ ^, 

Assume Uiis =[(*2--nm)='— 2/m]» = 
(i, a —urn) 2 — 4/)«(#2 — nfn)+4;ia #« 
Then, this, by redaction, giv^s 
(«+w) («+n)=nm — »* +/!)* 

Whence, again, *=^ ■ j — ^» 

4*(*-t-7«)(A-J-n)" 
W«w, if we take «=2, 5=6, and c=9, then rfssll, 
_•_ 2 _ ft 6 . c 9 

p-^(m+ n)^9-^S ^ 1 2209 

2 ISJl • ~242'^ "^SiSS)' 

Whence, aj:=2jr= 



&ar=6j:= 



ca?=9a?=: 



m54 
19881 



(J2»:20 



Ex. 23. Let a?, rx, and r^x be the three nnreben in 
geometrical progression ; then, by the question, 

a;-|-r«=a?{ 1 +r)=»« 

Dividing the second by the iiivt, it is obnous that r 
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nrart he ft square ; let, therefore, r==^y^ , and it only remahu 
to find a?(l+y«)=««. 

Which equation we will obtain, if we make 

and l+y*ii=«w* 
Whence, «=£n(««— w«)+^«+l, 
Where all the indeterniioates may be taken «t plinMM. 

If z=io, 

then, «=y»-fl 
in which, y may be taken at pleasare. 
If yrs^, then «=5, and r=4 ; and the three nombera 
tengbt are 5, 20» and 80. 



Ex. ^4, Let a and y represent the two 
it is required to find 

x — l*=n* 

a:— y+l=»« 

Now, here, it is obvious that the three isquares, r^ytn^^ 
and 8^ , are in arithmetical prog^ression, their common dif- 
ference bein^ y. 

Let OS, therefore, represent these squares as in Ex. li ; 

TIZ. 

Then we have for their common difference 

and all that is required is to find this quantity pim 1 * 

square, or 

4p^g^np^q^'i-Spq*+l^n^ 
Assume, therefore, in this case» 

And we shall have, by squaring and cancelling the like 
sartS) s 

4p^q^l2p^q^=^16p^q^, 
Whence, |?=4^^-|^3^, 
winch expression, q may 'be assumed at p^tlur^ 
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Thus the general ralues of x and 9 will be determined ; 
tiz. by first m^ing 0=49^-^39, and then 

Where, bj taking ^=1, we }iaye j>=7 ; whence, a?=1368, 
and y=840 ; which numbers answer the conditions of the 
qofifitiaii; for 

1368+1=:87« 

840+l=29« 

1368+840+ 1=47« 

1368—840+1=232 

Bnt these are 'not the numbers in tlie answer in the In- 
troduction ; they are, however, the least integral numbers ; 
and varkmt others may be found by giving different vahies 
toq. 

Ex. 25. Let X, y, and a be the three numbers, and t 
their sain ; tiien, we4iave to find 

jp'+»=D,cr^ — *=□' 
y«+*=D, y2— «=a 

And a:+y+a;=:*. 

Now, if we assume for r and s any nun^ers whatever, 
and take afterwards a=r^ — s^ , &=2ra+*' , and 

we shall have c^ =a^ '{-ab^b^ ; where a, ^ and c, will be 
known numbers, and will possess the folioiring properties, 

TlZ. 

(c*-|-6*)2i4afcc(«+6), a complete square 

(♦*+«* )*±4i»6c(fl+^)» ^ complete square 
fc'+(a+ft)2 ]2 ± 4abcla^b). a complete square. 

Then, since a, 5, and c are here known numbers,' and an- 
swer the first conditions of the question, it only remains 
to ftUfil .the last condition 

In order to efiSect which, let all the three latter equations 
^e multiplied by x^, and we shall have 

x*(e^.+b^y±4abc(a+b)x^^a 
ar' (c«+a«)« db 4a&c(a+6)a:8c=n 
a:«[c2+(a+i)23a±4a6c(a+6)a:2=:D 
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And it consequenily remains to find 

Whence, ^^^^'+^f +^\'+^«^ 

Or, puttiDgr c^+b^=imy c^+a»=n, c»+(a+J)9==p 

' and 4aJc(a+J)=9 

we shall have J7= ^^'*^t ? 
And mj?=: — (»»+n+^) 
«ar= — (m+n+p) 

Which are the three numbers sought. ' 
If r=:t, and «=1 ; then, a=a3, &=5, and c=7, A}spm= 
^a4-i«=s74, n=c2+a«=68, p=c^+(a+by ^113. and 
j=4aftc(tf+&)=3360. 

Whence, a:=5?±2±?=245 

-, ^, 245X74 518 

Consequently ma:=-35^^=_ 

__ 245X58 _406 
***"~ 3360 ""96 
_245xn3 791 
^*"~ 3360 "96" 
are the nuuibers sought ; and an indefinite number of other 
answers may be obtained by assuming other values for r 
and J. 

Ex. 26. Let x^^y^, and fs^ be the required squares ; then^ 
we have to find 

Assume a?*4-y*+2f*=[(a?'+y5)— 2*]'=x 
a?*4-2a?*y*+y*— 228 (x^JLyi\JL^4 
Then, 2x^y^=2z^x^'\-2z^y^ 
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x» 



And conac<|«eiitly ^^^^ kl ,y i 

Thet-efore x^+y^ must be a square ; which it will Be if 
we assume ar=j>2_^2^ and y^^pq ; for then 

Hence the required squares will now be 

Where p and q may be any numbers taken at pleaBUe* 
If «=2, and o= I , then 

o (P^ -"<?'' ) « X 4;>« g^ _ 1 2« ^144 

* "" (P+q'y 6* '^^ 

fihich nuinbers answer the required conditionB i and ra- 
np\x$ othew may be fouad by giving difiercat valiiea i»p 
and </. 

Ex. 27. Here, if »S y* , and »* , are taken to represent 
the three squares, we have to find 

jP«— ^2r=D, or Wl* 

x»— t*=D,orn* 
y5»^;g:2 = n, or H 
Hence, if there be assumed, as in Ex. 18, 

The first two equations will be resolved ; and therefore 
it otify remains to find 



«2 .2 , (P'^^)' (<«-t>«)' 
Assume •«=«* 9*, and »2=to«l*, and thi» becomee 
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t>r dividing^ by 4^^/^, it now remains to find 
(tt.2— ioa)(ttatc«— l)=n. 

From which condition we g^t the following^ p&rtial sola- 

^ . 4 ^ 13 

tion, VIZ. w= -, and w=-7- ; 

Whence p=— ;2, and «=-— . 

4 5 . 

Therefore the required squares are 



>3 «i2 



©s — qZ 135 



and .*=(L^)»x»=(— ).x» ; 

Vhere x may^e any number assumed ^at pleasure. 

If we take a:=153, we shall have 

6972, 185*, and 153^, for the squares required. 

Ex. 28. Without attending' to the particular cube ffiren 
tn the question, let as endeavour to resolve ^nerally any 
cube v^ into three other cubes ; viz. let us find such valaei 
for X, yy and z, that 

a:'+y'+ar'=v^, or 

For this purpose assume 

a;=w-|-to, and tf=^u — tr, 
t)=r-|-*, and 2=r — * : 
Then x^+y^=2u(u^+ZtJD^} 

Whence 2u(u^+2w^)—2s(s^+3r^) 
Assume again u=mt-{-3np 

to=nt — mp ; 
Then w(w» +3u>2 )= (m<+3n;>) (m3 +3?i2 ) (<2 -f.3p« ) 

Also assume s=^at-{'2cp 

r=ct — ap ; 
Then »(»2 +3r« )= (a«+3c;)) (a'^ +3c2 ) (^2 +3p« ) 

Whence, and from the preceding equation, we havC| af- 
ter dividing by (<2+3p2), 

(m*+3np)(m2+3n2)=(a«+3cp)(a8+3c2) 

q2 
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Or taking tb^ denominator ==rp, we sball hare 

fc=3fl(a> +3c« )--3n(m« 4-3n2 ) 

p=zm(m^ +3n» )— a(a« +3c8 ) 
Where m, n, a, and d^ may be assumed at pleasure.* 
Supposing this assumption to have been made, 

w^ nt — mp 
sza at-\-'2cp 
r3= ct — ap 

kre also determined ; and consequently also 

%=r — a, and i^ir-f-*: 
And h^nce the proposed equation, viz. 

is resolved : and in order to accommodate it to any parti<* 
«ular cube as U (tbe one proposed in the question) we have 
only to divide tbo whole by v^, and to multiply by 8; in 
.wMch taaa we have 

8g8 8y8 8^8 

If vre assume c=l, m=l, n=:0, and a=l ; tbeo (aelS« 

iind j9=s — 3 ; which values give 

ar=16, 3/=9, 2;=12| and tj=18 ; 

Whence. 153+93+123=183, and 
68^38+ 43-. g8^ . 

53 33 43 
or — -I — -Ji. — =3:2' 1 

125 64 

Consequently -^-f l+j^8, 

l*hererore 1, -x> »nd -^ are the cubes sought. 

. Ex. 29. Let x, y, and ;r, be the roots of the refviffe^ 
ftqttares ; then we have to find 



r3-+:^-+-rr=^^ ^ required. 



loa 






Where, bj first aatttQudg 

we shall have 

Where the two first coeditions being fulfilled, it onljr re* 
Mains to make a square of our third equation ; which be* 
oomety by substitutiog for x^ y^ and z, 

In order to redooe this io a more ei>nyenieiit form, let 
j9=(2-|-m)g ; then substituting this for jp in the above equa« 
tioo, we have 

where we have now to make the latter'factor a 8%uare« 
For which purpose, assume its root s=m^«{-am-(*'l i 
Then, by squaring, we have 

m*4- Sm*-^ 20wi« +16 J»+A 
Or, bj making 2a=:-|*16, there remains 
+16»i'+66»«=*:8fa»+20wi« 

—23 
Whence 46wi*:i= — 8ot' ; wherefore m=—r—, 

4 

—•15 tf Id 

But p=(2+»i)5, or jg=-~ - 9 ; therelbre we have-gg**^) 

Whence, ifpasris, ^3=— 4, we have 

!t=^P^+q^ =241 

«=^2_1^^^9 --269 

Coneequently iMl^, 149^, and 269^, are sqnare?, )iaring 
the required conditions ; and otherv might be iband by 
fhriog different y siluei to q and p^ 
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Ex. 30. Let (l+ar)», (2— x)^, and y', be the required 
t^ubes ; and let a be any given number ; then by the qves- 
tion (l+x)3— a=l+ Sx+2x^+x^^^ 

(2— <r)3— .a=8 — 12x4-6x*— «'— a 
y3— a= y8— a 

Whose sum 9 — 9a:+9x*+y3 — 2a is to be a square. 

Assume it =(3a:-— r) ^ =9a7^ — 6ra:+r* , and we shall haye 

9 — 9x+y^ — 3a= — 6raj+r* ; 

r2— y^— 9+3tf 

Whence a:= 1 ~ — , 

6r — ^9 

Where y and r may be assumed at pleasure, prorided 6r 
be grater than 9, and r^ greater than y^. 

In our question a=l, and if we take r=4, and y=c2, we 

2 
shall hare x=^ ; 

15 

Whence (i+x)3=(i+A)3 =iZ! 

2 28 

(2-x)3 = (2-^)3 = (l^)8 

and y3=: 23=i: 8 

which are three cubes fulfilliog the required conditions of 
the question. 

Otherwise. Let a: ' , y * , 6 ^ , be the three required cubes, 
and a the given number ; then it is obvious that the ques- 
tion only requires that Jp'-j-y^+ft^ — 3a=vi^. 

And here one of the cubes b^ may be taken at pleasure ; 
also a being given, we may consider b^ — 3a=i:C, a given 
number; whence we have lo find a:8-|-y3-£-c=z=i»2 i 

Let x=^d-{-z, and y^f-^z ; 

Then x^=d^+Sd^:&+2dz^+z^ 
y3=/3_3/2;r+3/;82— 2;3, 
By addition, d^+/^+2(^d'''^P)z4'2(d+f)z^±c=ni* 
3(d+/)z^+3(d'^-^/^)z+d^+fs±c^m^ ; 

Which latter expression may always be made a squard» 
)>roTided 3(d+f)x a square. 



Amme d==^tj and /=:1, then 3(d+f)s=:9, and Ibe aboT« 
becomes 9%^+9z^9±c=:my 

Let this =(3z+r)»=9««+6r«+r«, 

Thea 9z+9± c^Qrz-^-r^ , and 

9dbc— r* 

6r-.9, 

which is similar to the preceding^ expression. 

SUMMATION AND INTERPOLATION 

OF 

INFINITE SEftlES. 

PROBLEM r. 

Any terie» being p,ven^ to find the teveral ardert of 

differincee* 

Ex. 3. Here, 1, 3, 6» 10, 15, 21» ^iven series. 

2, 3, 4, 5, 6» first diff. 
1. It I, 1. 
Ex. 4. Here 1, 6» 20, 50, 105, 19^, &c. given 

5, 14, 30, 55, 91, Istdiff. 

2, Iff, 25, 3«, 2J diff. 

7, 9, 11, 3d diff. 

2, 2, &c. 4th diff. 

Ex. 6. Here -, -, -, — » — , «c. the giren scnet. 

— ' nr^ T?' -3?' *^- ^"^ ^"^• 

1, JL, JL, &c. 3d diff. 

8' 16 32' 

Zd, Zd, &c. 3d diff. 

16* 32' 

l.»Ac. 4lhdi£ 

32 
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Problem ii. 

Any seriesj a, 6, c, rf, c, &c. feeing* ^ircn, to find thefirtt 
term of the nth order of differences. 

Ex. 3. Here a, 6, c, d, e, &c. are respectively 1, 3, 9, 
27, 81,&c. al8on=8. 

Whence a— n5+-^2 c — ^ — li^s ^+*^- 

=1— 8&+28C— 56d+70e— 56/4-28g"— 8A+» 
=l-.24-f262— 1512+5670— 1 3608+ 
20412—17496+6561=32896—32640=256. 

Ill 
Ex. 4. Here a=l, ^=^7, c = -r, cZ = -, &c. 

iSS 4 o 

Als^ n=5 ; whence 
n(n— 1) , n(n— l)(n— 2) , . 

_l+5&_10c+10d— 5e+/=: 

^2 T^ 8 16 ' 32 

32 ,31 — 1 ^ 

-♦— --= Answer. 

32^32 32 



PROBLEM III. 

To find the nth term of the series a, 6, c, d, e, &c. loAen Me 
differences of any order become at least eqwd to each other, 

Ex. 3. Here 1, 4, 9, 16, 25, 36, &c. 

3, 5, 7, 9, 11, Istdiff. 
2, 2, 2, 2, addiff. 

0, 0, 0, 3d dim 

Therefore cr=3, ii"=2, cr'/=0, and na=15 ; 
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Whence / 

"* T"^"* Ti ^"^ 1.2.3 

=l+14d'+91d"=l+42+182i=225, Answer. 

Ex. 4. Here 1, 8, 27, 64, 125, 216, &c. 

7,19,37,61,91, &c.l8tdiff. ^ 
12, 18, 24, 30, &c. 2d diff. 

. 6, 6, 6, &c. 3d diff. 

0, 0, &c. 4th diff. 

Whence, since ^'=7, d"=12, ^'"=6, and n=20, 

we have 
n^l . (n-l)(n~2) (n-l)(n-2)(n~3) 

=l+19d'+171d"+969cr" 
=1-1-1334.2052+5814=8000 Ans. 

Ex. 5. It will here be sufficient if we take merely the 
denominators of the proposed fractions, viz. 

1, 3, 6, 10, 15, &c. 
2, 3, 4, 5, &c. 1st diff. 
1, 1, 1, &c. 2d diff. 

0, 0, &c. 3d diff: 

Whence, d'=2, and d"=l, also n=;:30, 

Therefore a+^^+ ^^'^^g^^ -W 

l+29d'+406(i"= 
1+58 +406 =466; 

Consequently j^ is the 30th term sought. 
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«M»n«icxy. 



To find the sum of n term* tf f/kc htub a, 6, c, d, e, ^'C* 
irAe7i.<&6 d^erekcMM t^ anf or4er become at k^ equal io 
ettch other, 

£z. 4. H^jm %, 6, 12, 90, 30, km. 

4, 6, 8, 10, &c. Ist diif. 

2, 2, 2, 1^. 2d diff. 

0, 0, &c. 3d diff. 

Therefore ii=2, d'=4, d"=a2 ; 

; ' !!(?±^(2±!) Answer. 

3 

Ex. &• Here 1, 3, 6, 10, 15, &;c. givea series. 

2, 3, 4, 6, &c. Ist diff. 
1, 1, 1, &c. 2d diff. 

0, 0, &c. 3d diff. 

Consequently a=l, <f=8,^"=l, 
Whence we ha^e 

^ n ^~ 1.2.3 

^ 6 1.2.3 -^n**''^' 

Ex. 6. Here 1, 4, 10, 20, 35, &c. 

3, 6, 10, 15, &G. 1st diff. 
3, 4, 5, &c. 2d diff. 

1, 1, ka. 3d diff. 
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WlMiieo «ssl9 d^3, <2*^ss3, d^sel ; ftttdtMrttoe 

"^'. '« "^"^ 1X3 ^ 1.2.3.4 

3n«— ft n(i»'— 3^+2) yi(n»--6ng^>11»— 6) __ 

5 *■ 2 "*" 2.3.4 "" 

n(«»+6n«+nfi+6) n n+1 n+2 n+3 . 

required. 

Ex. 7. Instead of n terms of the pr o poaed series, let us 
find the sum of n-|-l terms of the series 0, 1, 16, 81, &c. 
which will reduce the mag^itode of the successive differ- 
ences. Then we shall have 

0» 1, 16, 81, 256, &c. 

1, 15, 65, 175, &c. Istdiff. 

14, 50, 110, &c. 2d diff. 

36, 60, &c. 3d diff. 

24, &c. 4thdiff. 

Wheneea«:0, cT^l, ^"=14, ^"'=36, d<«=t:24,and the 
number of terms =ii-|-l. 

Whence, by snbstituting^ n^-l for n, and the above Ta- 
lues of ay df, <2", d^', &c. in the general formula, 

^^ TF^^ r23 . 

we shall hare 

2 * 2.3 ^ 2314 ^ ^ 

1.2.3.4.5 ^ 

n» , n* , n' n ^, 
T+"2+T"30»*^*"^''*''- 
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Ex. 8. ProceediDff here exiustlv 9s in the preceding 
example, we have to find the Aum of n-f-l terms of the ae- 
rieM), IS 26, 35, &c. that is, of 

0, 1, 32, 243, 1024, 3125, tc 
1, 31, 211, 781, 2101, &c. Istdiff. 
30, 180, 570, 1320, &c. 2d diff. 

150, 390, 750, &c. 3d diff. 

240, 360, &C. 4th diff. 

120, te. 6th di£ 

Whence 
«=0, ir=l, ir'=30, ^"'=150, di»=240, and d«',==120 ; 

And by sahstitating these valnes in the general formula, 
and 114-1 for n, 

we shall hare 

T+T+li""" IF^ * ■'^ required. 

PROBLEM y. 

The nriet a, &, c, cT, e, w^c. fretng* gitetiy whoae temu are an 
unWs distance from each other y to find any ifUermediaie 
term by interpolation. 

Ex. 2. In order to save the trouble of reduction, take 
the logarithms of the numbers ; in which case we shall hare 

Terms. Logarithms. if, d", iT", d'", 

a, —=—1.6989700 

86002 

6, ^=-1.7075702 1671 

51 

84331 66 

c, ~ = —1.7160033 1605 8 

52 

82726 58 

li, ~=;5 -1.7242759 1647 

5J 

81179 

^ *, ~ =-1.7323938. 

54 
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Here the first terms of Ibe differences are <f =s86002| 
if'=£l671, df'''=66, d<v=8 ; and the distance of y, the term 
to be interpolated, being 2^, we have 

=—1.6989700—215005+3133—21—1 
=-1.7201594= log. of 5^=4 ^"•''- 

Ex. 3. Given the natural tangents of SH^ 64^ B8^ 55% 
88« 66', 88<' sr , 88*» 68', SS** 69' and 89o, to find that of Bfti 
S8'I8^ 

0=62.080673 

801436 
&=:52.882109 26042 

826478 
€=63.708587 26235 

852713 
.il=64.56130Q 27604 

880217 
e=65«441517 28866 

909073 
/=56.350590 30299 

939372 
^f=67.289962 

Again (88o 68' 18")— (88o 64')=:4' 18"=4' .3, 
Whence a:=4' .3 ; and consequently 

I A ^^/ I 4-3x3.3 ,,, , 4.3X3.3X2.3 ,„,- 
jf=fl+4.3d'H ^ d" -I ^ (J'"+ 

4.3X3.3X2.3X1.3..^ , 4.3x3.3X&c. .3X— .7df«' 



d'" 

< 


(P« 


d^ d^ 


1193 


76 




1296 




7 




83 


1 


1362 


91 


8 


1443 







24 • 120 

And consequently, by collecting the teims, 
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52.080673 

3.446175 

0.177673 

6489 

134 

65.7 1 1 1 44= tangent 88<* 58' 18'' 
The ansfrer required. 

paOBLEM vi. 

Having given a series of eqvidUtant terms, «, h, c, d, Mr^ 
whole first differeiices are small, to find anf tnUrmeOuOB 
term by interpolation* 
Ex. 2. Given the cube roots of 45, 46y 4'3f, 48, aai. 49^ 

to find the cube root of 50. i * « •* •vj. 

Here the number of terms are 5 ; and against d lit 1M 
tabkt we haTe o^56+10c-10cHr5j-/=0> or 

/=a— 56+1 Oc— 10^+50* 

Num. Roots. 
V45=3.556893=flr 
3/46=3.584048=6 
8/47=3.608826=c 
^48=3.634241=d 
3/49—3.669306=6 
Hence a= 3.556893 56=17.915240 

lOc=36.08S260 10d=36.34241O 

6c=l8.296530 
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Sum +57.941683 54.267650 

Sum —54.257650 

3.684033= the cube root of 50 
Ex. 3. Here, follofrkig the same process as before, ire 
liare a=k)g. 50=1.6989700 

6=log. 51=1.707570t 
c=Iog- 52=1.7160033 
c{=log. 53 required. 
€=log. 54=1.7323938 
/=log. 66=1.7403627 
^=log. 56=1.7481880 • 



Alao the nmnber of term* bciog 6, we hare ffwn the 
tablet 

«— 6i*j-15c— 20d+l5a— e/'+g^zrO, 

or ^^ ^-^H-lSc+lSe-eZ+g ^ 

20 ' 

Whence, collectiog' the term9, we shall obtain 

a= 1.6989700 
15c=25.7400495 
1562=25.9^59070 

g= 1.7481880 



Sum +55.1731145 
--^(fr+/)=20.6875974 

difference =34.4856171 

Hierefore 34.4865171-r20i=3l.724S7685i=the log. of 6^, 
as required. 

EltAMPL.ES FOR PRACTICE. 

Ex» 1. Here, by the difTerential method, 
2, 5, 8, 11,* &c. given Series 
3, 3, 3, &c. Istdiff. 
Now n=100, «=2, and d'=:3 ; therefore 

or #=200+14860=^15050, the snm required. 

EJt. 2» Here, by the differential formula, 

1, 4, 9, 16, &c. 
3, 5, 7, &c. Istdiff: 
2, 2, &c. 2d diffl 
Whence <l=l, d'=3, d"=2, and n=50 ; 

Therefore .=««+!!^!!=:lId+!!fe^^ 

1.2 ^ 1.2.3 *. 

or #=504-1225rf'+lfle00(r', 
or «=504*3675-|-892b0=42925, 

r2 
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3. i^^-^J--^=aj«l+3r+e*»^ 

Then i^\^-^y X {)+3J&+««'+'i^«*+ ^O 
Which, by iK^lial mollipliofttibB, k ftsl ; therefor* 

flj=3l, and «=s— -~, as required. 



Ex. 4. Let -^—^r^l^x^iK!^ &c. 

Then 8;=(l— a?)*x(l+4a;4-6»'+20a;5+35a:*+ te.) 
:1, as appears by the actual operation; 

I 
Whence a!=l, and #= rr — -r^ the sum required. 

Em. 5. Let %^ j+3+5+ 7 'H q ^^ ^' 

Then .-1=1+1+1+1+1+ to. 

And by subtraction, 

2 2 2 2.2- 
1=3.. til ■ &c. 

1.3 ' 3.5 ' 5.7 ' 7.9 • 9. 1 1 

or =2r ^ I M ^ t ^ I- ^ ■ &c.) 
^1.3 * 3.5 ' 5.7 ' 7.9 ' 9.11 ' 

Consequently by division* 

1.3 • 3.5 ^5/7^7.9 •**'*^2' 
tfhich is the sum required. 

Ex. ^. Let the given or proposed series 
1 .2+3.4+5.6+'5^-C+&c 
be put under the form 
(ia+l)+(3«+3)+(5«+5)+to. 



or 



5l»+3«+5«+78+&c. 
\\ +3 +$ +•/ +&0. 



195 

Then, by differencing in the first, ire ahall lur« 
4('it«, 4f's>8, «=-!, and n=40 ; 

Whence ^K"-:!)^ ^«^»ii-p("-^V=, , 

Aiid coDseqYieiitly 

4+780d'+9880d"= 
4+6240 4-7^040 =85l?84 
iUso 1+3+5+7+&C. = 1600 : 

Therefore, by addition, the sum required :s=86884« 

Ex. 7. Here the gfiren, or proposed series 

2ar-».l . at— 3 , 2a?— 5 , Sa?— 7 , . 
-, — I — I lii t - U f I Sic* 

^oaiy be separated into the two 
2a: . 2a? , 2a? , 2ar , - 



2a? ' 2a? ' 2a? * 2a? 
^~(l+3+5+7+9+&c.) 
Tlie sam of n terms of the former of which =aftn, and the 
saaie nomber of the latter =^ ; 

|h2 ^M/y^MaMmS 20?**"^ 

Whence n— —*=— 5 ='*(— s-^-)> the sum required* 

fcfc Let »^ ^ a.3' 2.3.4 < 3.1.5 ^ 4.16+*°- 

Whence r= ,^ - :' ' 1 — ; J-^r-: 4*; Ac- 

6 1.2.3.4 * 2,3.4.6 * 3.4.6.6 ' ' 

by subtraction ; * 
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^^*«^*'*''**y iA4 ' 2.3!4.5' 3.^5.6 ' ' 4A7 

^3=—-, the sum required, 
o lo 

Ex. 9. Here the denominators of the fractions are figftt' 
Hite numbers of the third order ; and if we divide the pro* 
posed series by 6, it will become 

A u. 1.1. 1.1. a. 

Assume fe Tg ^ I 4— — I- J« nd. 
1.2' 2.3^3.4* 4.5* ^ 

Then>~^=- ' •[' } I- ^ f ^^ +&c. 
2 2.3 ' 3.4 * 4.5 ' 5.6^ 

And by subtraction, 

1__2 ^_2 ^_2 2 

2 1.2.3"*"2.3.4 ' 3.4^^4.5.6"*" 

Whence by division, 

1.2.3 • 2.3.4^3.4.5 M.5.6^ 4 

Consequently our proposed series, which is six times 
this, viz. 

Ill I 1 i 1 I 1 I ^ ^^A 
1 * 4 ' 10 * 20 ' 35 ' "^4 2 

Ex. 10. I^t--i~-=l+23j:+38jr9+45ir»+6««*+&c.) 

t'henz=(l— a?)*X(l+2»a:+33a:2+43ar3^53a?*+te.) 

Or 5(l+23ar+33a:2+43jr3+&c.)X 
^^ \ (l«-4 a:+6 ar^— 4 x^+^*) 

l-f8ar+27a:a+ 64ar3+&c. 

— 4a:— 32a?2 —103a? ' — &c. 

+ 6x2+ 48a:^+ &c. 

— 4a: 3 — &c. 

«rl-f 4ar+x2+0+0+ &g. 
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Whence ' '7" ' '"\^ '^ th6 sniir reqptifed. 
(1— a:) 

Ex. 1 1 . Let a?=-, and *= .— ^ Va" ; 

Aiid*=(r-1)» X (l+l+l+A+te.) 

Whicb, by the actual operation^, becomes =r; hetoce 
s=r ; and the sum of the scries continued to infinity is 



Noify for the other part, the terms after the nth are. 






Whence, by subtracting' tbt» from' the whdte flns* before 
found, we have 

_r j^ ^ I r' j=n=l^-^= the sum 

of n terms, as required ; where ^3=—. 

Ex.W. Let *=i+j+i+a+i+*^- 
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And ibeirefore by subtraction 
3_ 4 4 4 4 

4 2.6 * 4.8 * 6.10 * 8,12 * 

Whence ^=iLss ^ x * J — 1 — i — I — l&c. 
16 2.6 * 4.8 ' 6.10 * 8.12 ' 

The iofioite sum required. 
Again, let .^|+1+1+1+^ . . . ^ 

Then z--r=^g+j5+^. • . ^, 

4 ^ 2n+2 ' 2n+4 6 * 8 ' 10 * 12 * 
ill, 1 



14 ' '2n4-4 ' 
Whence by subtraction, 
3 1 1 4 4 4 




4 2ii+2 2n+4"~2.6 ' 4.8^6.10 
-^&c. to n terms ; 
Consequently by division, 

^'Tr^fiCw+l) 8(fH-2) "^l 6»«+48ii+32'^' 
the sum of n terms as required. 

Ex. 13. Let ^l+l\.l+2^g>c. 

And by subtraction, 
t_^ 3 3 3 3 

3 3.6 ' 6.9 * 9.12 * 12.16 * 






M9 



"' 3^2.3* 3.6 * 4.9 * 5.12 * ' ^' 

Therefore, 3X^i^=3:8-+6.12 ' 9.16 ' 12?20 ' ' *^' 
Again, let 2;=l+ifl+±+, &c. . . . . ij 

Then, g— - = I I 1 — *4-» &c * — 

*^3 ' ^3"~6 ' 9 * 12 ' 15 * 3fi+3 
Whence, by subtraction, 

5-3^iW^ 3-2 ' 6^3 ' 9-4 ' 12-5 ' ' *°' " **"* 

And, diFiding by 4, 

3i -< 6.!2'9.!6'l2!20' > ^^ *^ "^ ^""^• 
__ 1 ^ _ >t _ 

12 12(n+l)~12(w+l)'"'' 
the sum of n terms as required. 

Ex. 14. Let ;r=^l+l+l+l+, &c. 

Then, g— ^= ^ +,v;+ J ^ ^ ;>^+, &c. 
' 2 7~ 12^17^22^' 

And, by subtraction, 

15,5,5,5.. 

3^2.7 • 7.12 * 12.17 ' 17.22 ' ' 

Whence, multiplying by f , we have 

g.7 ' 7.12 '12.17' 17.22 ''' ^' ^ •"'■• =6 
Now, the general term of the series is 

'6 
(5n-^)(6fH-2) 
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And therefore, io find the mm of all the terms beyond 
thb, we need only aumne 

"^"^ ^5^==5 ^7 ' ifi v2 ' 5n+lt ' ^ ' 
And, by subtraction, 

Or, myltiplying by f , we have 

(5n+2)(5H+7)+(5n+7)(5n+12) ' *^- -6(^fi+«) '^ 
Which latter expression is the sum of all the terms an»r 
the nth ; consequently 

t z=: — — , the sum of n terms. 

5 5(5»-l-2) 6n+2' 

Ex. 15. This series may be put under the form 

6^172.3.4 * 3.4.5.6 * 5.6.7.«T ^ 
Let us therefore assume 

^ 1 M ^ 1 ^ I fee 



1.2^ 3.4 » 5.6 * 7.8 
Then, t^l^^^^^. \^\\^\^ '\^^ 

By subtraction 7:1:3X^3.4.^.6 '" 5.«.7,8*^---2 ^ 

Or, by diriding: by 2, 

6 9 , ^^ I fr^ --1. 

1.2.3,4 * 3.4.5.18 ^ 6.6.7lF*" ' 4 ' 
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«Bci, oon8iiq««ii(l]r, 
6^1.2.3.4 ' 3.4.6.6 * 6.6.7.8 * ' ^^ ^ 2? 

** slg-Or+QJO- TI12+' ^- =24 ^"^- "*• 

Again, if the abore assumed series be carried beyond tht 
nth tens, il beoomes 

1 . 1 

(iw+2)(2j»+l) ' (2n+4)(2n+3) ' ' ^* 

Whence, te ibore, , ,;^u i 6in/6> i .% = «^* •««*• 

I2(2n+2)(2n+l) 

aftern terms; consequently, 

11 n n 



24 12(2»i+2)(2niJ-l)~2(3+6n) 4(6+6n) 

= sum of fi terms. 

Ex. 16. Assume 

* 3 6^7 9rT"ll*» 

1—1.11,1 1 , ^ 
Then, » — = — --I 1 ~-4-* &c. 

-, , . ,. 1 8 12 , 16 20 , 24 , . 
Subtracting, -=—- ^^ | ^^ ^^ | ^^^3 .|., Ac. 

Dividing by 4, . 

Again, if the above assumed series be continued beyond 
the nth term, it will be 

1 1 • • 1 ' 1 

- ^==*^3+2S'5=5+2S^qr2;;'^H::^ , 

i 
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And therefore, as before, ± ^.^^^^ ^^^ ^ ^^ infinite 
•iiin of the terms after the nth : 

Consequijntly j^ ± ■^ ^2n) " ^ **" °^ ^ *®™^ required ; 

the ambiguous sign being + when n is odd, and — when n 
H even. 

5.4,5,6,. 
Ex.17. Assume ^= ^g \^ ^ ^ ZA^A.5 ^^\ 

Subtracting l^fi^^li+aL+i^ ^- 
the infinite sum. 

Again, if the above assumed series be carried beyond tha 
nth term, it will be 

fi+3 n+4 «+5 j 

(H-l)(n+2) * (M-2)(H-3) ^(»+3) ('i+4) 

fi+3 
Whence} as before, the first term > ILiVnX i) 

will be the infinite sum of the terms past the nth« 
Therefore '^ 



« {»-|-i)(M-2) • 

. - - I ^ - 
'2 ii+r^n+2" 



3 2 1 

or, r-rA — r-:r=- the suiA of 11 tenns« 
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LOGARITHMS. 

MULTIFLICATION BY LOGARITHM^a 

Ex. 7* Log^. of 23.14 = 1.3643634 
log. of 5.062 == 0.7048221 



Prod. 1 1 7. 1 347 2.0686855 



Ex. 8. Log. of 4.0763 = 0.6102661 
Lg. of 9.8432 = 0.9931363 



T- 



Prod. 40.12383 1.6034024 



Ex. 9. Log. of 498.256 =s 2.6974525 
log. of 41,^467 = 1.6153892 



Prod. 20551.41 4.3128417 



Ex. 10. Log. of 4.26747 = 0.6049541 

log. of .012345 == —2.0914911 



Prod. .04971016 —2.6964452 

Ex» 11. Log. of 3.12567 = 0.4949431 

log. of .02868 = —2.4575791 ' 
log. of . 1 2379 =3 —1.0926856 



Prod. •01109705 —2.0452070 



Ex. 12. Log. of 2876.9 =r 3.4589248 

.10674 = —1.0283272 
.098762 = —2.9945899 
.0031598 = —3.4996596 



Prod. .0958299 -^^.9815015 



204 



OlVIdlOIf BT LOGARITHMS. 



Ex. 7. Log. of 125 =;= 2.096910O 

log. of 1728 = 3.2375437 

Quot .0723379 -2.8593063 

Ex. 8. Loff. of 1728.95 =- 3.2377825 

log. of 1.10678 = 0.0440613 

Quot 1562.144 3.1937212 

Ex* 9. liOg. of 10.23674 = 1.0101617 

log. of 4.96523 = 0.6959393 

Quot. 2.061685 0.3142224 

Ex. 10. Log. of 19966.7 = 4.30008fl8 

IcJ. of .048235 =—2.6833623: 

Quot 413719 5.6167265 

Ex. 11. Log. of .067859 =—2.8316075 

log. of 1234.59 = 3.0915228 

Quot. .0000549648 —5.7400847 



nXJLE OF THREE BT LOGARITHMS. 

Ex. 5. Comp. log. of 12.678 = 8.8969493 

leg. of 14.065 = 1.1481397 
log. of 100.979 = 2.0042311 

Ans. 112.0263 2.0493201 



Exw e. Comp. log. of 1.9864 = 9.7019333 

log. of .4678 =—1.6700602 

log. of 60.4567 = 1.7029274 

Adi- 11.88262 1.Q749209 



^05 

£z. 7. Comp. 1<^. of .09658= {1.015112'^ 

lo|f. of .24958=— 1.3972098 
log. of .008967=— 3.9626472 

Ans. .02317234 — 2.3649697- 



£z. 8. The first part of this example is misprinted; it 
should hare been a third proportional, not a mean propor* 
tionaL 

Comp. log. of .498621=— 10.3022294 
log. of 2.9587= 0.4711009 
log. of 2.9587= 0.4711009 

3d prop. 17.55623 1.2444312 

Whence, 17.55623, the answer required* 

Comp. log. of 12.796=8.8929258 

log. of 3.24718=0.5115063 

log. of 3.24718=0.5115063 

dd prop. .8240212 —1.9159384 



INVOLUTION BT LOGARITHMS. 

Ex. 5. Log. of 6.05987=0.7824633 

2 



Ans. 36.72203 1.5649266 



Ex. 6. Log. of .176546=— 1.2468679 

3 



Ans. .005602674 —3.7405737 



Ex. 7. Log. .076543=— 2.8839055 

4 



Ans. .00003432594 ^5.5356220 



■riik^i 



«2 
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Sx. 8. Log. of 2.97643;=:0.473$d57 

5 



Ans. 233.6031 2.3684785 



Ea^ 9. Log. of 21.0576=1.3234089 

6 



Ans. 87187340 7.9404534 



Ex. 10. Log. of 1.09684=0.0401432 

7 



Ans. 1.909864 0.2810024 



vr(n*vvtoS bt looa&ithms. 
Ex. 7. Log. of 365.5674 2)2.5629674 



Ads. 19.11981 1.2814837 



Ex. 8. Log. of 2.987635 3)0.4753276 
Ans. 1.440265 0.1584425 



Ex. 9. Log. of .967845 4)— -1.9858059 
Ans. .9918624 --1.9964515 



Ex. 19. Log. of .098674 7)— 2.9942027 
Ans* .7183146 --1.856^147 
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Ex. 11. Lo^:. of 21 = 1.3222193 
log^. of373 = 2.5717080 



L750dl05 
Multiplying by 2 

DiFidlDg by 3)^3.5010210 
Ans. .146895 =—1.1670070 



Ex. 12. Log. of 112 = 2.0492180 
log. of 1727 s= 3.2372923 



—2.8119257 
Which, being multiplied by 3, and then diyideil bf 8^ 
circs log. —1.2871554, Ans. .1937115. 

JflflCXIXANEOUS EXAMPLES. 

Ex. 1. Log. of 2 = 0.3010300 
log. of 123 = 2.0809051 



2)— 2.2111249 



Ans. .1275153 —1.1055624 



Ex. 2. O^log. 3.14159 3)— 1.5028505 

.6827842 —1.8342835 



Ex. 3. Log. .00563 = —3.7505084 
.07=;^^, theref. 7 

100)— 16.2535588 

Ans. .6958321 —1.8425355 



The student will obseire, that 84 is borrowed, in this ex* 
alnple, to makt the 16 ap to 100, according to the rakk 
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Hence, 0— log. 6 6)— 1^218487 



—1.8703081 
tiOg. of ^- —2.7611180 



Ans. .0427&825 —2.6314261 



Ex. 5. Log. of -f =—1.1549020 

i log. of i =—1.8979400 

log. of *012=— 2.0791812 

^ log. tZj. =i:_i .9345684 

Ana. .001165713 —3.0665916 



fcx. 6. Log. of i =—1.0457574 

J log. of J+=— 1.8595867 

log. .03 =—2.4771213 

ilog. .16^-= 0.3939479 

—3.7764133 



log. of ^=±: 0.8663014 
•^ log. 12-^ = 0.3621199 

log. .19 =—1.2787536 
ilog. 17'J^ s=: 0.3084076 

0.8145825 
From —3.7764133 
Subtract 0.8145825 



Am. .0009158636 —4.9618308 
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Ex.7. Log. off =—1.2206187 
it log. 19 = 0.6393768 

Nat. numb. .7247622—1.8601955 



Log. t =—1.7569620 

ilog. -4^ = 0.5160615 

Nat. numb. 1.875096—0.2730236 



Log. of 2.5998582 = 0.4149496 
log. of -4^ = 1.501743T 

1.9166933 
In tli« ftawe manner we find 
log. (14^r-^V28f)=0.2230796 

Ajm. 40.38712 1.6936137 



MSCELLANEOUS QUESTIONa 

Bx. 1. Let X be the number of minutes after 8» or die 
number the minute band is before it oyertakes the boir 
hand, after the former is at 12, and the latter at 8. 

Then, rr will be the number of minutes that the iKmr 
12 

hand has adranced in the same tinpe. And, by the questioD, 

40+^=ar,or~af=40, 

40x12 ^^ 7 
orx=-^^=43-; 

riz. the time was 8h. 43m* 381*1- *^« 



210 

Cx. t> Let 0^ represent tiie digrit io the plabe of teltt^ 
knd y that io the units ; thea will 10x-fy= the number it- 
self, and lOy-^-x the aumber formed by the inverted digits. 
Henoe^ by the question, 

10a;+y+36= 1 Oy+x J 
t'rotn the latter, we have 9a* — Sys-^SO, or x — y= — 4, 
or |^=£ff-|-4 ; whence, it appears, t^t y la i^reater than of, 
and our first equation becomes 

Or, by substituting the above value of y, we have 

That is, 8a:+16=10a4-ar+4, 
or 3a:2=12, or ap=4, and y=a:+4=8 ; 
Consequently, lOx-^-y^^l^X^^^^A^iiii^muriheTumii^i* 

Ex. 9. Let X and y represent the two numbers ; then^ 
by the question^ 

«— y : a?+y : ; 2 : 3 ) 
a?+y : xy : : 3 : 5 J > "' 

3x-^3y=Sa;+2y ) 

5a:-|-5y=3a:y \ 

From the former of these, a7=:5y, which, substituted for ae 
te the latter, gives 

25y+6yi=15y2» or 30y=15y« 

Whence, dividing by 15y, we have y=2, and, conse- 
quently, a:=6yt=10. 

£x« 4. Let or be the number of games won, and y the 
number lost ; then, by the question, 

a?+ y=20 I 
2ar-- 3y= 5 J 

Multiply the first by 3, and we hsve 

3a7-|-3y=60 
Add the latter, 2«^3y= 5 

and we have 6jr =65, or a?=13 games weo, 
Andy consequently, 20 — ^x=:20 — 13=7 games losL 
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Ex. 5. Let X be the nuinber of yardsvin the four sides i 
then 3x is the number of feet; and, therefore^ )ty the ques-^ 
tUm^ So?-— 150 18 the number of pallisades. 

As is also 0:4-70 ; and, consequently, 

34>— 1 60=a?+70, or 2;p=220, or *=1 10 ; ^ 
Therefore, 3a? — l50=dp-{-'70=180, the number sought ^ 

Ex. 6. Let X be the number of hours in which b win 
fill it ; thesy - will be the ^piantily throim in by b in am 

X 

hour, and ^ is the quantity A throiTB in. 

Also, since the two together will fill it in 12 honrii j^ 

will be the quantity the two throw in in an hovt 

Whence, --4_=; j^, or 

60 3a? 5jc 
60at^60ar""60a?' ^^ 
Sx — 3x=60 ; therefore, 2ar=^60, or a?=30. Ans. 

Ex. 7. This is not properly an algebraical question ; but 
the best method of solution is as follows : 
Dividing each effect by the lime it is produced in, we 

haye -, ^, and -, for the momentary efiiect of each agenti 

and therefore -H~7H — > ^® momentary effect of the three 
^ J S 

sig^ents; consequently, d-r-(-+^+-) will be the tAiBA' in 
which all three ,will produce the effect cL 

£x. 8. Let X be the required number ; then, 1»y the 
question, (*+3) : (x+19) : : (a?+19) : (a:+51). 

Or, since by the nature of geometrical prog^res8ion> the 
product of the means mud extreines are equal to eadb^ ettier, 
we have 
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(*+3)(«+6)=(ar+19)*. 

or ^*+54x+152^x^+3ex+Z6U 

or 54a:— 38a:=208, 

or 16ar=r208, or a;=13. Ans» 

Ex. 9. Let r be the ratio ; then, since 3 is the first tenD, 
3 :f 3r : : 3r* : 24, are the first four proportionals, and 3r and 
3r' the two means sought. 

Hence, since the product of the extremes and means are 
lequal) we har« 

9r'=72, or r3=8, or r=2 ; 
and, therefore, 6 and 12 are the means required. 
In the same way, in the second part, we hare 
3:3r::3r3 :3r« : : 3r* : 96, 
Whence also we have 3rX3r*=3x96, 
or 9r®=288, or r'=32, or r=2, 
Therefore, 6, 12, 24, and 48 are the four mean propor- 
tionals. 

Ex. 10. Letx, rXf r'^r, r^Xfr*Xj r^x be the six pro- 



Then, by the question, 
«-|-r«4"'**a;+r3a:+r*a>4-r^x=316 > 
and X -f-r5ap=165 \ 

By subtraction, roy-f r * a?+ r ^ x-^- r * «= 1 60 
Now, by the rules for geometrical progression, our equa- 
tion may be written 

»••— 1 

j-a?=315 

r*— 1 
and the latter — — --ra:= 150 



By dividing the former of these by the latter, 

r*— l _3l5r__21r 
r*— 1~"160 loT 
Beducing the latter, by dividing both terms by f^-«»l, 
we hare 

r<-(-rg+1 21r 
r^'+l "^ 10 • 

crr*+rHl=«>^(r«+l) 
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Ant by adding; r* to both tidot 

or (r»+l)» -^{r«+l)=rr» 
Hencfit by completing the square. 

Or (r«+l)« -El^(r«+l)4ill!l=.!il!:! 
y -r J jQ V T w' I 400 400 

91 90w 

Aad, by attracting the n»t,(r«+1)-f 



20 «0' 

or r*— jrrr==— -1 

^ 25 , .,624. ^^25 .15 ^ 

20^ ^^400 -^ 20^20 ' 
Bat from our first reduced eqtftition we bare 
316(r— 1) 316 

' • JCfc—' ■■ ■J ■ , , ^^ "rr? 5 • . . 
»••— 1 63 ^* 

Tberefore, 5, 10, 20» 40, 80, and 160, are the proportion- 

als sov|^ht» 

Ex. 11. Let X and y be the two numbers ; then^ by fb9 
^tieftioa, 

x+y=a 



» y 5 






Prom the 2d. jt4'y=^^'?2F=^> or *y=r» 

Squaring the Ist, a?*+2a:y-|-y'=;a* 

4a 
SabtraoC 4^ ^-r- 

4a 
We baTe ^?-T2J?y+y* =a' — r- 

-Or , .-^v^(??^. . 
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Repeating^ again A;-f~y~^t ^^^ ^^^ questioii. 
We have, by addition, 2a?=fl+>/( — ^ )f 

or a:=t^a-f ^>/ j(a6— 4) 
Aod by subtraclioo, 2y=fl — \/( — g ), 

Ex. 12. Let 0? be the number of men empkiychi mt &nt ; 
then, x^\6 will be tlie number in the second inatance; and 
since the time in performing the work is reciprocally as the 
number of men employed, we haye 

a? : 16 : : a?+16 s 24 

Whence, 24a?=164H-256, or af=-.j-«s32^ Ibe mifflber of 

HMO at first, aad 324-16=:48, the number during tbe iWBOttd 
part of the time. 

Hence, 32x24Xli=:1152#. ) _£nc 4,. j^^ 

Ex. 13. Let 0? and y be the two numbers ; tlie% bf ihm 
question, we have 

ara+y= 62) 
y«+a;=176 S 

From the first, y=62— ;r^ ; and, conse<|n^y» 

y«=:62«— 124af«+«* 

This substituted in the second, gives 
62«— lS4a?«+*^+«=:17d 
or ««— 124a?«=176— 3844— jr 
or « *— 124«»+4:=— 3668. 

Whence, x will be found =7, and, comclquesttyi ^ 
»s=13 ; but the qaestioircaiiiiot, I beUere* be in uy 
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Mr redneed lo m qiMtdrttfic form, at least while it is consi- 
dered under the general form 

«S-|.y=ra, and y«-|-'=^* 

Ex. 14. Let ^ denote the namber of feet in the circnm- 
ference oi the less wheel, and y the circumference of the 
f reater wheel. 

Hmd will be the number of the revolutions of the 

* 

360 
lest wbe^ and the number of reyolutions of the greater. 



Whence by the question ' 



r36e 360 . 

— " ■ S ESO 

« y 
3n0 360^_ 



U+3 y+3 
From the first; S60(^-«>x)e=^6«y 
From the second, 360(y-«)=4(»+3)(y+3) 
The latter of which, by muUipltcation, gives 
360y— 360a?=4sr^ 1 2«+ 1 2if+3« 
or 348y*-372«=4dPy+36 

Aad tlMr-fiNwer, by dirisiMi, 
6 0j g y > G 0g=xy . 
Mult, this by 4, «40y^240a:=4«y 
B^btraot 348y.,.^1Sa?==4«^86 

And we have -.10^132*==— 3^ 

^. 108v— 36 9y— e- • . . 

Whence x==. ^3^ =nm 

Sbbstitate this value of x in the equation 

* 60y — 60a:=a?y, 

^^ 640y— 180 9y«— 3y 
And we have60y ^ — r=-2.yj-^ or 

660y— 640^l80=9y«— 3y, or 
9y«— 123y=:180, or 
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.^j , 9t/^— 3 135—3 •. ' • 

lUid, coflsequeotlj, -^^Y~=="--iT~^^^ ' ^^^ *"' ^® ^^ 

eititifemiice of the g^reater irheel 3=15, and the 'circum- 
ference of thejless =12. • . 

£z« l5« Herei by the question^ 

Mtdtiply th6 first by m, and we have 

fnic4-my==ma 
Qahtract iwa?pj-ny=: ft ' '■* "^ 

. II rr 4 I !■■ i r i i 

Ami wel^i,^ym>a-lf,^^M^ 

Agaihf multiply the first by h, aind we obtain ' 

naf-4-ny==ntf '' 

Bttbtiaet m«+n^ 9 ': - '. 

And ire ^Miire *(>*-7l»)=s?iw^^of tf(;m*-»)==fr--iia. 

Whence, x=' — — . 



fiJL 16« HeiN^, t£i$'iN^eiitd irortions df wftie drawn off 
WiNl lOgds. tiefii9ios'?4 . 

10.74- ' ~ , ' ^ 10.74 742 

10.^ ' . 'r4a 10.74* f4» 

*" ■ ' f. ': A - remains ■ ■ '■■' ^ ^ — — »— 

84-* HA 84* 84« 

tO;;74* .743 10.743 744 

*^-'^'i remains --s^—-:- x:a=-L- :* 

843 ' 84» 843 843 

Therefore, gjy=50.559 gallons remaining. 
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Ex. 17. Let X repriesent the natiiber df penofts, and y 
the oiuober of pounds each receired, then fvy is the whole 
■uin durided. 

Noir bj Ihe qaestkm 

^ (a:-3)X(y+150)=jry) . , 

(a;+6)x(y— I20;=a:yp'''^ 

ary+Oy— !20ar— 720=ry ^ • "' 

150x— 3y=450 > 
— 120«+6y=7iO ( 

Multiply the first equattou by 2, and we hare 

300a— 6y=900 

Add the 2d, — I26ar+6y=720 

Whence 180«s=1620, or a:=9, the number of persons ; 

* , . 300a:— 900 ^^ ,. . . 

And, conseqaenlly y= =300, the sum^eaeh re* 

«ei?ed ; and 9x300=2700/. the whole sum divided. 

Ex. 18. Since ttie reduced value of the 16 pieces is 8/. 
8#. and the part taken from them is l$x2«. 6£?.=2/. the ori* 

ginal value was 10/. 8*. or 208* ; consequently —=13*.. the 

original value of each. 

Ex. 19. Let X be tHe*number«f ounces of tin, and y the 
Bumber of ounces of oopper. 

Thea by the question j?+y=505, and ^r+^^tO^* 

The second equati >n cleared of fractious, is 2I«4-17y=s 
525 X 17> and the first muUipiied by 17^ 

We have 17a^+-l7y=503 X 17 ; 
Subtractings gives 4a?=20 X 1 1 j 

Therefera x=5X 17=85, the ounces of tin ; and conse- 
^eaUy505-»85s=4t0 ounces of copper. 

t2 



?18 

^ £z. ^r- Mi^^ tl)e. priTateer gaim ^ ipileB; per hour, on 

18 
her prize, and the latter is l8 miles a-head, v^^^ hours the 

•time before she is overtaken ; and cwKiequeDtiy 9X8=r^3, 
the distance run. ' 

£x. 21. Let X represent the number of Is. pieces, and y 
the number of dollars. 

Then by the question . . , 

7ar4-4^^=2000 adUUngs^or 
,, , 14a;-f9 y=4000;' 

4000— 14a? . , . 

Consequently y= . ^= whole number, 

Orj^444 — X'\ — --— ==.«?ft. 

4 - ■■5jr 
Let now ■ -=p ; tlien 9/)=4 — 5x, or 

' Afisnme •^^^=zq, and we havep=-^5^1 ; 

Consequetitly a:^=— r~^=9^— ^1, where q may be taken 

ftt pleasure. 

If we take ^=^1, 3, 3« 4, 6, &c. 
«=8, 17, 26, 35, 44, &c. 

But the greatest value of x cannot exceed — ---- — =285 ; 

14 

286 
therefore --"-^Sl, the number of different ways. 

Otherwite* By the rule before given, w» Mi inm the 
equation 14p — 99=sr 1,^:^2, and q=^ ; 

__, 2X4000 3X4000 ^, ,. , ...- ^ 

Whence " ' ^^ - — r , ■ . z ± z^i , the number of different 

ways $ the same as before* 
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by the question, ^ 

a? +y .=^ fcttf > 
a:9+y«=32=fcj 

'Aiftameisri^p^ tlieii > 

a?»4^«=r{a^».^-3dp)»-^8(ii3— Sop), 
Or «•— &li'j>-[-27a8;>«— SOa'p'+Qop^rrft; 
Or in numben> by traiasposing, &c. \ 



Wbiph equation is resolvaUe into the fabtors 

Whence by the solution of thiese tiro qdftdratics we haye 

«-2 «=-.2 ^4 « >/^36 . 14 v/136 

|,-.2, p--— 3, F= 3 1 ^ , and |^=y^:5~— ; 

But J rly i g ^aiMijiysay; 

Whence a?— ^=±-v/(4--4p)=2-/{l-^) • 

And substituting here the abore values of p, we have the 
following solutions, *~^'' 



a:=l+v^ — 1, and y=sl— -^— 1 

and jr=5=i-^ 1 "^" I ^f^ l =1— Iv/CV^t-sa), 

The latter two of which are the only real answers ; 4be 
eUiers being imaginaiy* ^ ' 
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Ex. 123. Put tf=666, and 6=406 ; then, from the leoooa 
equation, 

and this ralue of y beingr aubititnted in the fint efuikMi, 
gives 

and mulupiyiog by «', and transposing, we hare 

or, in numbers, «•— I219y'+937470x»= 403 » ; 

from whence, by the rebolution of a cubic equation, we 

havex3;=:343; there6>re 

ft— a; 3 406— 343_63 th-i •«.«•!» 
x=7, and y= -« = ="s^=^* »• answer. 



Ex. 24. Let X and y be the two numbers ; then 

The geometrical mean =^y/xy 

The arithmetical mean =^«+'Jy 

^xy 
The harmonical mean =jTnj 

Therefore by the question 

From the first of which equations we hare 
x+y^26+2y/xy, 

txy 
And, from the 2nd, ^"hy^"/ ^ 1^ X 5 " 

2^1/ 
Consequently 2e+2\/ary=--^r^^j^fjj^ ; 

Whence 26>/*y+^*y— ^2— 24>/ay=2«y4 
Or 2-/a?y=53l2, or y/Xy^Xb^^ and 0:^^=24336 : 
Substituting the value of ^xy in the first equation, and 
repoiiiing our last, we have 
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^od by squaring' tiie first of .tfaese^. 

4a:y = 97344 



: By 8ubtraetioB)jp*-«*Ssr^^3 =16900 ' ' ' 

By extraetkiii - «— ya^lSO * ' '• 

Also a:+y=338; 
Whence by aflffition 2a?=i468, or x=^4 * * 
And by subtraction 2^=208,- or 3^=104. * 

» 

Ex. 26. Here x'y +y.*a? =:3> 

By squaring tUe •first equation,, we hiire 

^■*y*=2, or ary=l. 

Henca, dividing the first by ag\ and the second by «'y^| 
ire have x^-iry^t^ 

From double the last • 9:1^ ^-{-2^* =14 

Subt the square of^he first x^*^^9^*y* 4-y « = 9 
And we shall hav^ 'q?^«— 2a?^y^4~y^= ^» 

Or by eostracting- «*— »Ty*=^5 

And by repeating 4?'+^'«=3 

Therefore by .9ddiM«ll«inis9M]»Plf9n,. . /.: 

, Wbeni^, extracting these by tbeVcde for binoipiid sut^s, 
#^e!iave'ar=±5K5-f^v^l),atidy=i<S-.V^l), ' [ ; 

-1.1 ' ; ' 

Ex. 26. Here the equations are 

^ +« .-*-« == 231 ... 

• ajy-|-a::^y2==167 > to iind,^?, y, and it;. 
xyz=:2&&y 
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Prom what has been said in the Totwdiictioii, wUtiFe to 
thf^trrne of equations, it is obvious that Oi«je numb^ 
are the co-efflcients of a cubic eqaation which »»•» »!• three 
roots equal lo the several values «f x, y, and » ; wb«ic# we 
have at once „ . ^ «- «oc-.n 

The three roots of which equation, by ^j«^^«^ «»• 
bics, are found to be 5, 7, and II. the numbers toygbt. 

Ex.27. Here the given equations are 

xy%=z 23l=a 
xyu}=i 420=6 

yiw=l540=C 
Multiplying these into each other, we bare 
a?*y»io'»«= abed 

Whence, dividing this la»t equation by each of tHe pvea 

equations, we have ' ',., 



yahci 



^ss\\ 



%/ahcd « 



c 



Ex. 28. Here the eqiiatlons are 

'- '■ a:4-y»=384=co 
y4^a?«=237=6 

From ttie first «=a-y« ; which substituted in the 

and third, gives 

y+a«— y af'=o 

Also from tlie first of these two equations 
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WlMQoe, tvlMtitiiiioff this ralue of y in the latter, we 

«•»(«•— l)«+a(o«—i)(»«—l)—«(a«-.t)«=c(a;«—l)* 
Which by multiplyioi^ aod iaroiving the sereral factorit 



4— 2«i-|.(fc+tf6)««w.(ft«4.a«-.l)af=;c— «t 
or, in numbers. 

An eqoatton of the 5t(i degree, the integral root of which 
is sss22 ; whence j-ss — — r=17, and «=a— y«=10. - 

' Esi. 29. Here we hare equations 

y«+yz= 69=6 

AssQOM x^my, and %=^ny^ and these will become 

y*(m*+ m)=.4t 
y«(l + n)=6 

Whence y^as = e= , or 

a(\+n) =r6(iii«+m) 
«(»• +iiin)=c(m*-|-m) 

From the first of these we shall hare 

a 
Which ralue of n, substituted in the second equation, 

m . 
And by reduction. 
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Oi* in httitibers, " 
. , 82 3 65331 - 8920S 11664 
^83 47gr^ • 1761^ 4761 

From which 18 obtained m=3 ; 

ConsequenUy n=-^— ^-i — =-j., y=\^(^2ir^)==^» 
a?=my=9, and 2J*=i»y=20, as required. 

Here, diWdiog the latter by the former, we have 
.♦ - .. 11 

By addition a? ? +y ^ =— 

By subtraction ^"^y^^^Tn 

Also, by adding^ and subtracting^ double the latter from 
the former, we hare 

9 Lo I « -36 L^S 64 

^'-?^^+f'=icn:o-To 

Whence a:+y=:/fj , . .. . 
And x-i^vi5 

" " ■ • ' 1 64 • 1 8 
Coi»^ueiltiy.*^V<i^2N/Y0' , : . 

' • -J 1 ** 

\ , 1" 64 1,8 



•' ' 'Or "by reducUon, a:=|>r lO+^v'S ^ ' *'' 
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Which are the raluea of x and y, as required. 

lUf 31. K«petheffiTeneqnatioii«*—6«»+13«*— 11^=3 
$, omir^ put under tberorm (x^ — 3a7)^-|-4(x^ — 3x}=$, 
(liy Note* page 134, Boo^,) which being now a quadratic, 
we find «^-^«=-— 2dc ^^=1) sind this is again a quadra- 
ti^i fium vhich we derire x=fdb W^^s the answer. 



£x. 39. Let a represent the number of people, and - 

X 

the first year^ increase ; then at the end of each following 
year the numbers will he 

Is^ year, «+ ^ 

iwth «+,,^f«^4^+ to. «^,+j^. 

Where m, n, o, &c. are the coefficients of the binomial 
(1+1V»». 
Which expression may therefore be written 

which by the question u to be equal to Za; whence 
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That is, -=.00695, or «=^T:r::7rr=144 nearly. 

The annual increase mu&t therefore be xir^^ part of the 
population. 

Gx. 33. It is obvious that the least number of weig^hts 
that can be used to weigh 3/6. is t\vo,'viz. 1^. and 3/6. and 
if to these we add a 9/6. we shall be able to weigh ail the 
weig^hU, 9± 1, 9±2, 9^3, 9±4, as far as 13/6. 

Increasing again our weights by 3x9/6.=:27/6. we shall 
be able to weigh 27±1, 27±2, 27±3, &c. 27±13, that 
is, to 40/6. ; ani in the same manner, by ttie ofldilion of 
three times the last weight, viz. 81, we can. weigh Hl±:l^ 
81±2, 8l±3, 8ldb4, &c. 81±40. 

Therefore 1, 3, 9, 27, 81, &c. are the weights required.* 

Ex. 34. Let a, 6, x^ y, be four numbi^rs, such, that tf* 
4-6'+x«=y«. Assume y=«+l ; then a«-f*«+ar«=«« 
4-2«+l, or a'+68=2ar+l ; hence x=A(««+6«— 1), 
where a and 6 may be taken at pleasure, provided the one 
be an even, and the other an odd. number. 

If 0=2, and 6=3, then x=6, and y=7 ; lience 2, 3, 6, 
7, are the least whole numbers that will satisfy the coodi- 
tions of the question. 

If a=3, and 6=4, then «=12, and y=13, the munben 
in the book. 

Ex. 35. Let X be the number sought; then by theqnet- 

X— 5 x<^^ X— -3 jr<— 2 x-^\ 
tion -^, — ^, — ^, -J-, and — ^, are to be all whole 

numbers. 

*— 5 
Make «x— =/» ; then «=6p4-5 ; substitnte this in tbe se- 



cond, and we have 



* The most g^roral methnd of 8o!vfai|: qoettions of this kind it bf 
meant of the ternary scale of ooCatioo.— See Barlow's Theory of Nmi> 
bets, chap. 10# 
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■ - ' = jH* t-T— satgA. ori— ~-=9, orjjssS^— 1 ; and con- 

o o 1 ■ 

•eqoently xssZOq^^U 

Substitute this in the 3d, and we bare 

— 2-— =«jA. or7a— l+^=ioA. 

Whence 9=:2r; consequently a?=60r—1 . 

This, suhsfitutcd in the 4th and 5th equations, g'ives whole 
numbers; therefore the general value of x=:609^— 1, and if 
rssi ; whence x=t^59, the least %'aloe MMighU 



Ex. 36. Let » be the year required ; thea if or-}- 9« ^H"^»< 
miid4P<^3, be divided leftpectively by 28, 19, and 15, the re- 
maandefs will"be the cycles of tht;; sun, the golden iiaiub«ry 
mud the Roman indictioh. Hence 

, ■<!■■ I ^ " I i 'l ■ t 3]| J- ■ *m ■■■■■■ ;. 

, -., ar— 9 ar— r7 , y~-7 ' 4- 

• 'vFV* — •• ■ . >. ^ . I I II ' and' •*?r**~i» • ' 

' a« ' 19 1 6 * ' : 

.. i ' ^^ nioct^all be whol^nliroben; ,. 

• Let —^-dsip^ then x^fip+^i 

and substituting this value In the second equation, it be^ 
^^^^"19^^^ " whence ^^ = p+~-=::tflJL . 

CoQseqnently — — ==r, ^r ^9r+2 4 

Whence /F=--^=19r+4, and a:=532r+l21. 

A^in, by substitution 
7 532r+.n4_ ,^;, ^ , 2r+9 . 
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Or ■ ' =#; whence r= — ■■■e=7t' 1 1 »■ s 

#—1 
AsBame — — =f ; then «=tt-f-l. 

where < might be taken at pleasure ; but ai the least yalue 
is required, let i=0, then «=sl, and f*=3 ; aod consequent* 
ly dp=532r4-121=1596-f-121=:1717, the year required. 

Cx. 37. Given the equation 256ar— 87^=1, to find the 
least values of x aud y, in whole numbers. 

By transpoiition and diviiioB. 
. 2660?— 1 ^ S»+t__. 



Or £|i-Tan04>s3rr wfieBoe ^ssSi^^i, 
where rmny be tdBeii.at|pltenife;' if t^rt^ then esl^ tad 
j»ss3; whenoer jr..M ^ uvfi gitadyglSS^theleMtmun* 

o 

bei« dnt answer the cqnditioiif of the aqnijan* 

Ex. 38. Lef^^becMof the equal sides, y tkte btfM, and 
% the perpendicular of the first triangle ; Andd/yy', itld#» 
the corresponding lines in the second triangle. 

Then 20? 4-y ja ti)e perimetBV i^ the first ; and 
^^ff the perimetbr of the second. 

Also ^ the aret.cf the firs!t» 

2 

and «^ the area of the second ; 
Whence, by the question, we must hare 

and yx=i ^if : 
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Alio a?»=5r+«», and x^^^H-j/' ; 



9 X 



Tfcen 3;=(a;« ^'^f =^?r#. 

Again, a8soiningd/=r^4-p3,and.^=r^-^'» we bare 
^sstrp ; and the perimeter cf each will be 4r'. 

Also ^=:2r«(r«^*2), and ?!^=2rp(r«-y«) ; 
\yhence 2r«(r«— ««)=2rp(r«— j?«) 

Ahd r«intl!=2l=:,a+jp4^ 
* — P . 
Therefore it remaiDs .to find 

Wbibb latter oendition has place if we aatmne 
*5=m* — n' , tknd />s=n*-fr2i«« f 
In which case r=j»* ^inn+n^ . 
Whence 

^'=r»— p« =2(m«+mn+n2 )2 -2(n« 4-2f/m)« 

"Where m and n may be taken at pleasure. 

If m=2 and n=1 , then a7=58, 3^no, a?'=74, and y'=48, 
or since all these numbers are divisible by 2, we have 

X =29, y =40 J „. ^«„:^^ 
x'=37;^=24 r '^*1''''^' 

Ex. 39. Let a;, y, and 2 represent the base, perpendlcu* 
lar, and hypothenuse of the first triangle. 

v2 



«', jf^ 7S^ 7^^ those of the a^condy 
afi4 «^, 3^', and «f', those of tba^ifd » 

theiii we bare to find x '4-y '=^' ' i 

Also xyszi/^szx"^* 

And, in order to ftilfii th^ three fii«t doilditioiit» 

Let x^zm*^'^* , and «=2mfi 
ar^=»m'« -V« , and y^2l»W 
«"=:i»"«— n"« , and /=«i«f< 

Then it remains to find 

(mH— n'« ) X 2»iV=(m''»— w''^) X 2m'^ii^ 

Which equations may he resolved into the iMton 
(iii+ii)(in^rn)mn=:(m'+»') (m^— «^)mW 

Where it is only ^pe^tefsary. so ta. ttfsuiA. the ftolon of 
each of these equations, that the tednction of them may 
giro the same ratio to tiro of the quaiitities. 

For which purpose, letm-H»^>9n\ aad 0i=mf 

then, m • T7 a(m^^ftf), and1l9sSllf-^m^ 
But, since the protest of the preeedin|»-faotort are eqaal^ 
we must hare 



«n'— m'=— ill' , or 7n'=5«' 

4 



Again, in the seoood equation, if^ miyr assunte 



fl —III 



and 2(f»"— n'')=w" 

Then, im'^mSS^j- 

Where again, because the product of the &cton ar« 
equal, we roust hare 



-J — =» ^ , or 5m'=7fif, 
the samfB ratio fA before. 
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Anuning, tberefiwe, m'=7, apd n'^B^ wa hfire 

••=7, and itr^S ; »*»8, apd n''=7 ; 
Whence, «;siii*--4i^=s40t ys=9mfi=42 

a«=-ifi'«— n'«=:24; y'=2mV=70 

.v«=c6a^^=74, «"=113. 

£x. 40. Gtreo d:«=1.2655, to Slid ». 

Here, a few triali show that »it between 1.3 and 1*4. 

Wheie,if «si;3^ tIien,^2LJ^.087649 

Io|^« 1.2655SS.109262 

Error —^014613 
And if «=1.4, flMSft, l2£Li4«.104307 

1«4 
log. 1.12655=:. 102262 

Error +.002115 

Hence, .01665 : .1 : : .014613 : .0884 
Therefore, 1«3+.0884=1 .3884. Ansvrer* 

Ep(. 4U This equation is better pat .nnder the ftnn ZTsSfd, 

C>r, log. yxor— log. xXy=Iog. .6=— 1.77815. 

Which, bj a few trials, show» ns that x is between 4 and 6,. 
mdy be^e^ 5 and 6 ; let us, therefore, take o^ of these 
i|aantitie«, jf, as coastant, and coiTfct the otheri »% 

Here) UMn» nMuming y=sSi6i let nt take «ss4.6 end 4.7 $ 
<tfien, 
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Firtt, if «=4.6 : 

iogr. 6 6X4.6r=3.4066e5 
log. 4.6X5.5=3.645158 

—1.760507 
log. .6 =—1.778161 

Error — .017644 
Secondly, if d;=4.7, then 

log. 6.5X4.7=3.479704 
log. 4.^X5.5=3.696538 

—1.783166 
log. .6 —1.778151 

Error + .005015 
YHience .022659 : .1 : : .017644 : .09; 
Therefore a?=4.69 nearly. 
By a similar process we may find ^=5.51 nearly; and 
pealing the operations again on x and y, we ham 
07=4.691445, and ^=5.510132. 

Ex. 42, After a few trials we find a;=4 nearly, and y a 
little less than 3. : 

Let us therefore assume a?=4.01 ; th^i^ mo9 4i0i ^''^ ^^ 
262.18, we have 2/^=22.82. 

In this exponential equation we may procieei} apcordin|^ 
to the appi'oximaling rule given at page 181, from which we 
determine y to be between 2.8, and 2.9 ; and by employing 
these values of y in the second equation, another approKi- 
mation is found for Xy viz. ar=4.0]66. 

And employing this again in the same mannef, we liare 
y=2.8267; with which two values of X and y, repeating^' 
the same operations, wafind a?=4.01669S, and 3f^B26710, 
as required. 

Ex. 43. Here, calling 2x the number sought, we haT« 
to find 2ap+l=D, and ar+l = D, 

Assume 07=111^ —2m; then x-f-l='(m— 1}* a aqoare, «• 
required ; and therefore it remains to find 2m'-^i»-f'1^^0 
atqaare. 
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2r-^ 
Then, 2m* — 4i»=r« in«— 2rm, or w=: ■ ^ - ^ ; 

Or» siiieift 1^ m&y be li fractton, let r^?, 

Xhen, mss ^^A ; trlwrep and 9 may be taken at 

P *9 

pleasare, pronded m be mte^fral. 
If we take f^A^ and ^9=3, then m=6, and S«=48» 

,l>=:74 and 9==s5, Uien m=30, and 2«=1 68Q, 

IheiNBibm eenght; and tioioua otfaerainig^ be iiRmd by 
gifiay diffni^ raki^ tap and 9. 

Ex.44. Hera » and y beini^ talMtt te deacite tiieittm^ 
beia soQfflit, we bare to find 

- ««4.y«=s(yy— «)* ; tlien we hiailre 

(r»— l)y 

whteh 18 to be ii square^ or 

2r . ^ 
2r*« 



wbera r and # may be taken at ylearare. 
If r=2, th«i y=:-^r-, and »=— - ; w that, taking: «m91, 



91' 91 

we bare yss364, and 0^=273, the nnniben required 
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Ex. 45. Let x^ and y^ be the nambert loli^ht ; tKeiif 
the latter tHroconditioni) will be fulfilled, and it will odIj re« 
inaio to find 

*'+y'= a cube. 
For which purpose, let ar=r%^ let y^s^n ; tb««, 

r^«'4-«*«'=. a cube. 

Assume r ^ «' +#• «' =—7 $ 

«• 

Then, «= r'(r«+#«) 

Where r, », and v may be assumed at pleasura. If rssf, 
«ss 1, and ezE=l, then 0^=10, and y^5 ; comaquMitly^ «'ss 

100, and y^ =25, are the numbers sonifhfe. . •. • 

And, by giving- different values to r, «, and e, an indefinite 
number of other answere may be found. 

• . • 

Ex. 46. This is the same question, except a little varia- 
tion in the enunciation, as Ex. 26 of the Diophantine Prob- 
lems, where v^e found generally 

Hence, if each of these be multtpled by (^+9^« P^'^^^ 
^pq(,p^'\-q^). and 2p(^{p* — 9*) will be the integral roou in 
tlie present question'; p and q being taken s= any unequal 
numbers whatever. 

If r=z2, and «=x:l : then, 16^ 12S and 20« are the bi- 
quadrates required. 

Ex. 47. Let ax* , ay* , and -^ represent the threenam* 

X 

ben in geometrical progression ; then, by the qvetUony ' 



c!i=?s:>i=o 
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and y*— 4?* =011* 

Whenpe, y« +*« =^-p=n'2 . 

Asvuine, therefore, y=^p^ — g* t and x=i2pq ; where p and 
q iBfty be taken at pleasure. * If ;)=2, and q^s \ , then y==3, 
and Jr=s4 ; and the numbers are 

16tf, 9a, and -r.-, 

JD 

or 256a, 144a, and 81a, 
abeing=:2 — ^.; where m' maj be any square factor 

w lia t e f e r of y*— x*. 

In the present instance, ]ct fn=1, then 0=7, and the re* 
quired numben are 179S, 1008, and 567. 

£z* 48. Let Xy y, and z denote the three numbers, and 
assume x-|-y=:a', x+zs^b^^ and y-|-«=:c^ ; then, by sub- 
traction, 

«— «=a»— c« J 
• jr-»-y=:&*--<;' > all squares. 

We hare, therefore, only to find such values of a, 5, and 
e, as will satisfy the latter conditions ; ior in that case the 
former must have place* 

But such values of a, 6, and c, have been found in Ex. 27, 
Diophaotiae Problems, viz. 697* =485809, 185«sft34226, 
and 1533=23409. 

Hence, considering these quantities as known, we have, 
by the oominoo rules, 

■ T^ ^^ = 248312^^ 

— -!-- P=237496 i 

yi^!±£!=214087A • 
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Or, multipljing each by 4, in order to avoid fracUoBt, Wt 
have »=:993250, ^=949996, and 3^856360. 

Which numbers answer the conditions of the question s 
and yarious others may be had by finding different yalnes 
for a, bf and c. 

fix« 49. Let X and y be the nombert aongbt ; ihf^ ire 
have to find 



X 4-y s^a square^ 



biquadreUe. 

First, in order to make gc^'^-y^^ a square, asfume 
x=^p* — 9*, and y=^pq9 

Then sha]! ar'+y*=(p^+9'')' 
But when a:>-f»y>= a biquadrate, f^^ must be stequem ; 
assume, therefore, again, 

j9;sr^— «*, and 9=32r«, 

Then we shall have 

ap« +y« =(p« +^« ) * =:(r* +#' ) * , a biquadrate^ as required* 

And it now only remains to find 

«-(-y=:r * +4r 3 # — 6r * #* — 4r« • +' * = □ 

Hence, in order to reduce this to a more conyenient form 

3# 
for solution, substitute r=:-^-(~'9 ^^^ ^^ aboye focnuila« 

after multipLying by 16, reduces to 

#«+296«8^.408«»t<+16a«l<4-16<«=:a 

Again, assume the formula 

os(««4.148iC*-4|S)s=si«+296«^+S1896iH«— 1184fi^ier, 

Then, by cancelling the like terms in both, this reduces to 
2189et— 1184f=:408#4*160l ; 

---, * 1344 84 

- Whence, ^-«5j^j55==^^ 

Assume, therefore, r=84, and <=1343, and we shall haye 

3# 
I— t f 1469, and, contfhquently» 

«ssr«— 6r*#s+f*ai466548602r761 

y=s4rt j^.4rt* =:1061652293620, for the aumben MM^Ht 
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fis. so. Tie ftdlotidii of this question is^ intimfttely con- 
nected with that of Ex. 48 ; for if ire here caJl to« x^ y, and 
%, the four mimbers» s^nd at the same time make iD=^X'\~y 
-|r2> we shall hare to find 

Also Of*— 3f=:n , 0? — «=a , and y — ;*c=D . 
It is, thereibfe, only necessary that x, y, and 2, may be 
such numbers that the sum and difference of every two of 
- them may be a square, which are the conditions of Ex. 48, 
where we found the three numbers to be 

0?= 993260 

y=s 949086 

z= 856350 

And consequently w=2799586 ^ 

, Which numbers answer the conditions of the question* 

And if, in our 48th Example, we had taken a=2165, 
&=s£067, and cs=2040, we should iMive 4bund 

a:==2399057 

y=2288168 

«=rl8734S« 

and tfls=6660657 

which are tbe numbers ipnr^n in the answer in the l&tm- 
duetien* 

Ex. 51. He^re th^ proposed seriei may be put under the 
form 

+9+27+81^- =2^9 
, 1 , 1 jj, _3 1 

:^-:=2:^8T '■ 
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Whence, by the rules and formnln for g^eometrical pro- 
l^reMtoo, the whole sum is 

11111 3313 

. Ex. 62. This may be separated into two series 
3. 27, 243 , . _l«^3 

, 9 . 81 , 729 , &c^=l!5^-?- 
""Mtf+266 •^409tt "*■• ^^ 7 1^ 

12 9 3 
Whence, the whole series =-r= — ====• Answer. 
> 7 7 7 

» 

Ex. 53. Here, by the rules for arithmetical progression, 
the nth term =:5+(n — 1). 

Therefore, \ IQ+^ik^l) \ o=o('>+^) ^ ^® ■^■'^ required. 

Ex. 54. The 25th term of the progression 

1,2,4,8, 16, &c. 

asf* «8sl6777218 ; therefore, the 26th term of the proposed 
series is 216777216 ; that is, the 16777216th power of S* 

Now, the log. of 2=0.3010300 
Mult by 16777216 

Gires 5050445.3324800 

for the logarithm of the 25th term ; consequently, the index 
being 5050445, the number of integers will be 5050446. 



Ex. 56. This series is the same as 

(jt_a)+(4«— 4)+(6«— 6)+, &c. Tix. 
4(l«4-2«+3«+4«+,&c. 100«W 
2(1 +2 +3 +4 +,&c. 100 ) 



{ 
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Bat the sum of the former 

6 6 

And the sum of the latter =2 X—^-^^i^=10 100, 
Whence, 1353400— 10100=1343300, the sum required. 

E3C. 56. Here, the general form of tlie series being 

(n+l)(n)(2f>+0 

and ft being =50, we shall have ■ 
61X50X101 



6 



-=4$925, the sum required. 



Ex. 57. By the differential formula, we hare 

35, 72, lin 152, &c. 
37, 39, 41, &c. 1st. dift. 
2, 2, &c. 2ddiff: 

Whence, a=35, d'=37, d"=2, n=25 ; 

And, consequently, 

"*+"TX~'^^ iZ5 ^■" 

36X26+12x25X37+25X8X23=875+11100+4600 

=16575, the sum sought 
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APPLICATION OF ALQEBRA TO GEOMETRY. 



MX809LLANEOU8 PROBLEMS. 



PROBLEM I. 



Let ABCD, be the given semicircle : ab, its diameter ; o, 
it centre : ao4 CDrjs, the required square. 




p e B 

Then, since df=cce, we have r0=OE. 
Let therefore ab=(I, or co=-|{d ; also CE=a;, and come- 
qiiently Qs,=ix ; then, (by Euc. 1 . 47,) 

co«=5GE^+CB«,pr«»+i««— id^ ; 

Whence 5«*=(i*, or x^4y/i=idy/5. 

2. Let ABC be the required right angled triangle ; in 
which take AC9l3=/ib, ab=x, Rcs^y, and the giren differ- 
ence AB«/>BC=7=({ ; 

c 




\ 



Then, by Enc 1. 47, we tball hare 

X — y =d 
Where nqnaring the second equation, and subtracting it 
from double the first, we hare 
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Cooteqnently, ar+y=v/(2A*— rf') 
a&d a? — y=id 

Whence, «=^^/ pA« — rf» )+^ 
and y=A^(2A«— rf«)— ^ 

Sobfttitating here A=13, c{=7, we have 
dr=12, and y=5, as required. 

Ex. 3. Let Aroc be the g^iven circle, and abo the requir* 
cd inscribed equilateral triang^le. 

Join A and the centre k ; also join cb, and produce it 
to o. 




Then, by Euc. (i7. 2,) the angle d is a right angle, and 
the triangles ads and Aoc are similar. 

But AD=^Ac, therefore also DE='i|-AE. 

Let, then, AE=radiu8=^; and, consequently, eds=^A8 
s:\d ; also put ab=;jc, or AD=:^a?. 

Then, by Euc. (i. 47,) i««=id« — ^«=^» ; 

Whence, ar=s^fd' =^dEv^3, the side of the inscribed tri* 
angle. 

Again, produce cd to f, and ak both ways to o and b ; 
and draw hi, ik, perpendicular to ef and so. 

Then, it is obvious, from the propositions aboTO referred 
to, and Euo. (ly. 3,) that ef= j-be, and hf=^hi. 

Let, now, hi (the side of the circumscribed triangle} s^lff 
and we shall have 

he*=bf'=hf* ; and, since ef=^, HB=:d, 

and the above becomes 

d«=id»+|y», or y8=3d», or y==dy/Z. 

ih& Mdo of the circumscribing triangle* 
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Ex. 4. It appears^ from Eve* iv. 10, that the side of an 
equilateral and equiangular pentagon Inscribjsd in a cirde, 
is found by dividing the radium of tbe circle info extreme and 
mean ratio, the^re^ter part of which is the 8id9 c>f the 
decagon. 




Hence, calling the radius 0B=r, and the gpreater part od 
=a:, we must have r(r— «)=aj^, or a:'-4-ra?=r* ; 

Whence a?= — Jr-f-f^/5r*, or x=j^( — 1+^6) - 
That is, Bc or ab, in the above figure, =-Jr(— l+v^5) 
Produce bo to e, and join ec ; then, by Euc. f. 47, 
Ec2=sBB2*-.BC»a»r«(f-f fv^5), or EC==rv^(f+^v/5) 
Again, as eb : £c : : ec : ED=r(f+^>/5), 
and ED ; CB : : bc : BD=r(| — J"\/5), 

Whence, dc=V{edXdb>tV \rH^W ^ti-^W 5)\^ 
4r\/(W— 2^6), or AC=irfV(10^V5). 
the side of the pentagon* required. 

■ Ex. 5. Let ars=r the leng^ of thd rectangle, 

and ^= tbe breadth ; 

then, Sj'-^-Syr^ perimeter, and a?y= are?*. 

Now, since tbe side of tbe square =aj its perimeter =4ay 
and its area =:a', we have 



243 



Whence, «?+2jry+y'=4a' 
Subtract 4xy =2fl« 

We have x^^^xy+y^=2a^^ 

or X — y=ay/2 

But x+y=2a 
Whence, by addition and subtraction, 

^a-4av'2=o( I— K^2) 
the length and breadth as required. 

Ex. 6. Let ABC be the givci^ equilateral triangle, im4 
bifiQp.t the two aides ab, ao, by the two perpenrfiqulars bo, 
£o : . 




Then shall the point o be the centre of the inscribed cir- 
cle ; and on it* radius. 

Also, if ao, OB, be joined, they will bisect the angles A 
and B, and o will therefqre bo the centre of the circum- 
scribed circle, and oa its radius, Euc. (iv. 4) and (iv. 5.) 

Again, if on be produced, it follows fi-om these proposi- 
tions, that it will pass through c, and bisect the angle acb. 

Therefore, the triangles acd and aod are similar ; and 
since ad=J-ac, therefore do=^ao. 

Let now ab=*, the given side, or Ap=til* ; also, Po=a:, 
and consequently Ao=2a: ; then, Ao^=^AD^+»o^y 

or4x'==i«*+^2 ; 
whepce, 3a:^=i»^ or a:=i*i/i=^f y'3=;;2.8868, 

and 2a:=:V+=^/A/^5?^'736 : - ' 
the two rad^i /^quired. 
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£x. 7. Ijet ABCD be the rfaombas, and Ac, sb> its two 
diagoQftlsi intersecting each other in c. 




Also, let the perimeter =4;>, that is, each side of the 
rhombus =p, and the sum of the two diagonals =«• 

Then, since the diagonals of parallelograms bisect each 
other, CE4-Ea=^«. 

And because the three sides of the triangle dec, and ceb, 
are respectively equal to each other, the angles at e are 
each equal to a right angle. 

Therefore, calling Ac=tr, and nB=:y, or C£= j-x, and eb 
ssi^, we have 

From 8 times the latter, 
2x^+2y^=Sp^ 
Subtract far+y)8=a?8-f 2ary+y«=*« 
And we have x^ — 2ary+y ' =8p* - ** 

or »— y=x/(8;j9— f«) 

But a?+y=5# ; 

Whence, by addition and subtraction. 

Or, since «=8, and pr=z3 ; these become 

y=:4 J-^^ 8=4— V2 
Which aro the two diagonals required. 
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Ex. 8. Here the three sides of the right angled triangle 
are x^', x^'^as'; and, since the square of the longest side 
is equal to the sum of the squares of the other two, (£uc« u 
47,) we have 

Whence, a?2*=^i-/6=1.618034 
And x«=^/ 1.61 8034= 1.27S6S0 ; 

Th^^fore, 5 ==1.029086/ the area. 



Cx. 9. It is a well known geometripal tl^eorein, that the 
diagonals of a parallelogram bisect each other ; and that 
the. sum of their squares is equal to the sum of tfia squares 
of tiie four sides of the parallelogram. ' 




If, ther/i^f«) w^.represepit the given ptiralldtograoi by the 
figure A9CB, gad ma^s its side ^c=a, pc==l|^ i>J^=s=<^> and 
Ac=x, we haire from the above theorem _ 

Which is the diagonal required. 

Ex. 10. Let ABp be the proposed triangle, on its per- 
pendicular, find AD, DB the segments, of which the difference 
is given. 

Liet that difference =sd, Che sum of the sides =«, flind 
perpendicular €d=s^. ; 




Alw, pot JiJt=:y+^ and i>m=y—id ; then, (Enc. i. 7. 4) 

And, by the qnettion, 

SquariDg both sides, and transposing^ 

Or» in order to simplify the expression, let 
9^^.^i^Zp^z=2m; then, 

8<^aring again both sides, and aotually performioif the 
multiplication of the first tiro fectors, we ha^e 

And« by inrohing and collecting the terms. 

Whence y^Vi 2m+^p^--id* ^ 

In which formula, substituting the ralues of p^ d^ and m» 
we hare ^=4724- ; 

Whence, y+i*=''2^^^">> 

f AC=^/(AD*+CD«)=T80 

€onseqaently» < cb= v' (i>b * + cd J* )=375 

( AB=:AD-t-DB=945, 

Which are the three sides required* 
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Ex. 11. Let ABC be (he required tnaog-le, and Ar, bv» 
and OD, the three giyen lines bisectiog the three tidesy cb». 
AC, and AB. 

C 




Make Arssso, bes=£i, cd=c ; alse cb=«, A0=y, and ab 

Nour it is a well known property of triangples, that ** doa- 
ble the square of a Hoe drawn from any angle of a triangle 
to the opposite side, together with double the square of half 
that side, is equal to the sum of the squares of the other two 
sides i** that is, 

Or, 

-.^9+a?«+ a;*=26«,ttnd 

From whence, by taking the former of these equattet 

from twice the sum of the two latter, there comes ottt 

4«a-H««=2(26«-p2ca— a«) ; 

And consequently 

«rr=A^(2j«+2c«— a^). 

In like manner 

yrrfv'CStf'+Sc*— ft3), and «=^v^(2a«+€5«— c») ; 

Where, by substituting the given values of a, 6, and c^ 
ria. «=ia, 53E24, c=30, we have 

x=^U. 1 76,. y=28.844, and fl^20, 

which are the sides required. 
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Et. 12. Let ABC be the proposed triabgle, of ^hich 1 
bue AB ii ^reo =:60=26. 



i 




E D 
Then, since the area is also given =:796, the ferpendico- 

.'lar=-^=^, is also known. 

Make, how, ae= half base =a, aiid cd=/>, and ED=ar; 
then AD=a+a?, and BD=a— ar; ac^V 5p^+(<»+^)* J» 
and Bc=:v^Jy3^^a — «)^ |- Whence, calling the yiven 
difference =10=:<2, we bskve 

V !?»+(«+*)' }^=v \p>+(.»-xy }, 

Which equation, squared, g^ives 

And this, by reduetion, becomes 
Aax+d^=2d^ {p'+(«+a:)* j. 
And this, again squared, prodaees 
16«'a?8+8tfd8ajjj.rf4~4rf2 ^ (p«4^a+?aa>f ««) ; 

or 16tf«a;2-i-«i*i=4d*x(o'»+/>*)+4rf««2. 

Whence, x^Vi 1^^^^^ )• 

Where, by substituting the numeral values for a, j», and 
d^ the answers for the sides will be found. 

£t. 13. L&t ABC be the proposed triangle, AB its bate 
=194x=6 ;' IK the diameter of the circumscribing circle 
=SOO=r:d, drawn pandiel to AB ; and DO the biteoliog 
line s:66=:a. 
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ThM M thill hare Hta=GK±=i(lK— AB)»S. 

fjet BOir CD be ptoducad to nort Ui^cifcle in E ; 

Thim^ beeaoie CD bisecti the angle ACB, it wfll hiiect 
the mro ik£B» and theiefiKe the peipendicater £LM will 
pan through the centre L ; 

Consequently £M=l004-^591=e is also known, aa is 
alao 11^=100—^591==/. 

Noir let DEs39 ; then» since the two triangles £NC and 
IIDE are simUar, we hare 

M£ t D£ : : C£ : I<^, or 

WlMce x<4-i»=ils» or a:==^|f>/(l--t-ife,) which Oma 
li eoo m es tow wr ii ; and oonseqnently the rectang^ CDxPB» 
«r #X I — +V(-T+^) ( ==••> «t also known* 

Bot this hMnr rectuigie CDXlA»ADxDB ; 9mefh 
fim ADXDB, and AD+DB, are both known. 

Assttma now, MJ>^=^^ and BEt^i;, then we have 



/■ 



! 



Whence is readily iSband 



250 



Again, caUisg ACsv, and BC=ii, and we bare 

o : « : : m : n, 

uni 
or !>=:-*-; 
n 

alio, utn=a"+mii. 



finbadtnting — for « in the second equation, girea 






^^~m — ^^ wrf, eonieqnentljr. 



— =B^( — --4 ), tbe sides required. 

Hke ntimaricul valdes of which may be found bj substi- 
tuting those of a, 5, and dy in the' original equations. 

Ex. 14. Let ABC be the proj^'ed triangle, A£=«, and 
^tX/s^y khe linsr given Hnes. 




Also, let X and y represent the sine and cosine of the an- 
'ftePAOi^BapecfliTefy; then, by trigonometryy we'hare 

Vl^^) ^eoi. BAEi and <y (li^)szcoi. BCD. 






2 



* V 

Abo. « : 5 : : • (^ = l^(^)=JiC, 
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Again, by trigonometry, nn A*=z^^\^ , , and 

l+«an«i^A* 
Flitting, therefore, <af»BAfi=:<, and subititnttog 

2^ 1 ^« 

*(^+0(l— ** )=2tf<v^?» or 

Which is a qubio equation, whence the ralne of I mav Im^ 
^tenmaetf ; riz. the tangent of ti^e angle BAE • and'"^ • 

Hence, also, the angles BDC and BE4 becbme tepmi, 
ai^d, consequently, the sides AB=35.80731^, BC=:47.40128. 
and AC=69.41143, as required. '^ 

£x. 15. Let ABC be the proi>osed triaiagle. 






BB B 



* " I ' r f *' ' . ' I 



"•li 



« Admolet any mrtc ; but, in Ibis exaoDple, it it mt fortht iiile 
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Thea the ba^ AB=«, or AEa=i h»se =^4=*, CD=4=s/, 
Md AC+BCs=lS3:f ; anii make aiko £D=:«. 
Then AD=6+«, and DB=^— a: ; and consequeatlj 

Whence, by the question 

Squaring^ both Bides, and tranipoiiD|: 

Or, in order to aimplify, writing #«— 26«— 3^«=«» 

^ I O+x^^+p^ ] X n/ J (&-ir)*+P« \ =»-«»• 

Squaring: again, ana collecting the tenm 

Or J*— 26«a?«-f2p'**+2p'«*+P*==»»*— **^* » 
Therefore ar«(2p«— 2ft«+»m)=:i»i«— Sp»ft«— **-*J>* 

Whence «, and consequently AD and DB become kaomii 
and hence also AC=-/(AD«+CD«) and CB=v^(DB«+ 
CD*}, are determined. 

In the present case, ;)=4, &=4, m=:40, whence d:=f\/il 
therefore AC=6+f v'S, and BC=6— i^6. 

Ex. 16. Let ABC be the prapoied triangle. 




45 
Let AB':=«, CD==7=^ and ADssjc; thereleitt BI>=s= 



; akotheratioACt CB<: 3:2, otm: fi; then, AC 
h*^x^^mDdBC*^h»^{a-^y\ coniequently >«+«•: 6« 
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*(a-i-ar)a ; : w? : !•«• Whence, we liavemaM-fn^a^L.Sadae 

— iii'itf^ ; tbereibre, by solTiDf this litalndScHanA t«Milt« 
toff tbevalues of 0, i, m, aadiHthe mmeial yiiiM ^f » 
my be dtttermmed, aad heoce tl^ of AC Mi4 BC. > 
£x. 17. Let ABC be the profN»ea trkngle, and make 



the peroendicalar CD=:24=p, C£ the line biaectinr the 
angrle ACB=25=&, and CF, the line biaectiDg tiie baM, 



=40=c; 




F ED B 

Then, (Euc. i. 47) ED=:v^(CE»— CD»)=7=:m, 

Also, FD^VCFC*— CD2)=32==n; 

And, in order to nrnpUfy, let EF=9. 

. Al^, let half the bwe AF=FB=3« ; iA«% 

AE=»4-^, EB=s«— 9, AD=sti^4-ii, DBsTj^-H; 

Hence, AC»v/](ar+n)»-fy« 

Ald». ibiiii (Euc. ti. 3,) vre bare 
AC : BC : : A£ : £B, 

orx/{(a?+n)«+p«( : V^^(^--n)»+p«| ::*+^. 

I Whence {(a4.n)H-l>»ix(«--^)^J(a?-4>JH-i>»|x(«+j)« 
Which, by multiplying, cancelling, 6c. beoomer 

Where ««=2!!±ffi!z:!2!, or 

I n — 9 

the base of the triangle ; which, by BubstitaCuig tiie pvopil 

x2 



t54. 



fiumeral vult^es tff q^ ft, attd |f, ^rives —.y/U ; from wliicli 

. and die giren linea tbe odier tiro sides ire raadfly obtaiiMd. 
. £x« 18; Let ABC 1>e the proposed rigbt angled triati^e, 
and Othe eentre of its inscribed circle ; and let CO-^AO 
>=3=><;, and AC»:iO??A* 

V 




Proiiitie CO to D, knd let it fall iipon tbe perpeiidietilaf 
Ad ; which put ==£. 

Then, since CO and AO bisect the two aisles C and A4 
tod these two angles together are equal to a right angle, it 
IbUows that the two aiigles OACluidOCA== half a r^ 
angle. 

Buttb&outwitrd Z. of any triangle, being equal to tbe 
two ififrar4 opposite L^^ L AOD^fs L O AOf £ OCA. 

Whence, also AOD=b half a right angle ; and since D is 
H right angle, I)A0 is also = half ^ right angle. 

Therefore, i)0t=-AD=a;, and AO=:v'2a?•=x^/2 ; and, 
consequential CO=<ry3-|^if, and CI>=±aNf«i/^-i{=(l4» 

Noi^,ADa+DC«=AC? ; 

ora:«+|(l+^2)j?+rf(«=A«, 

or (4+2V2)a:«4•2rf(l+^/2)ar=:A2— a», 
Whence, by the solution of this equation, we hare 









^.-fcv^jC 



4+25/5 



)'^+ 



4+2 
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. Wliero tN proper nimieral values of h and ^ beiag^ ralH 
etitatedy thoee oC «» »y/2=:AOy and of d+x^^i^OC, wiU 
Itfoom kaowib 
Lifittlnte be denoted by m and n; that is, AO=m, «nl 



Theo, in the right angled triangle ABC, we have . giren 
the hypothenuse AG=3A, and the lengths of two lines OC 
nnd OA, diuwn irom the acute angles to the centre of the 
kiscribed ctrcle» to find the two sides AB, BC^ 

Now, let fall the three perpendiculars, OE, OF, OG, and 
make AG=tf, and GCssjk ; then, follows, firom (Sue. U 
47,) that 

also, ^y=h. 

ft*— m' 
Whence, by division, «— y= — r~^» 



Consequently, «= — ^-jr — ^ 

tVbeie both segments become known, and. consequently 
ate 

otOG=v^)n*-^^!±gF=^J 

Whence AG, €K!I, and OG being known, we hare alio 
AB=sAG+OG=f:5.87447, and BC=GC+OG=±8.08004. 

£x* 19. Let ABC be the required cifcle, AB=a,'and 
DCsi, the two giveJi lines^ and ]SF=c, the given distance* 

C 
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Abovdnkwtfae tvro ]wrpeiidiciilaR fiH, Bfi; and join 
A£, ED. Let AE, or EDcxor ; tbmm, £iiss»^ — \m*, and 
EG»=HF«=ap«— i*2 ; butEH«+HP«=dBFfexc«;thef#. 
Ibre,ar> — iaM-**--l*^==c'> and, coiiieq««Blly, «ttt^(^» 
+1** +ic* ). Whence, the diameter is giren = V (♦«*+ 
ih*+9o^ ), the Ansirer. 

NoTK.— The ansTfer in the Introdncfion fat errofiooos. 

Ex. 20. Tbii qnestioo, of which the iifure is as IbUowi, 
does Qot require the assistance of algebra. 




For BD=^(HB«+HD«)=^/(400^-14400)=^/14800, 

Whence, ED and BE are each s?^/ 14800 ; 

Consequently, EC=-v/(EP»— DC «)=V (14800—6400)= 

^8400=:20i/21 rand AE=^(BE2— AB«)a=. 

^(14800-.10000)=V4800=x40^/3, as required. 

Ez« 21. Let ACBD be the given trapesuun. 
Where AD=:6, DB=4, CB=5, and CA^3. 




Then, draw the diagonal AB, and let fall upon it the two 
perpendiculars CE and DF, and make C£=;>, and DF==^ ; 
also, put the required diameter =«, Then, (by Eoc. ri. c] 
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|)'x=4x6=r24, 

hk the nine mannery caUing q and ^ two perpendicQlftni 
ftdling tm the diagonal CD, we hkre 

9X=3X6=18, 
^a?=4X5=c20, 
or «(^9')=38. 
Whence, (iH-fO ^ (9+90 •* ? 39 : 38. 
Bnt the sum of these perpendictilars into doable their 
respeotif e diagonals are equal to the area of the trtpeiiani ; 
whence, AB : CD : : 38 : 39. 

Also, (Eac. yi. d,) ABx.CDscACxBD-{-ADxCB; 

Let, therefore, AB=a%, and CD^s ; 

then, y: 2! : : 38 : 39, 

and yz=42 ; 

--- ..42X38- . -.42X39^ 

Whence, y=^>/( 3^ ) , and g«>/ ( ^ ) . 

Now, the three sides of each of the triangles ABC and 

ADB heing known, the perpendiculars CE and DF am 

readily determined, ttet, therefore, these he denoted ae 

abeire 1^ p and p\ and we shall hare from oar fint equ%- 

39 
ikm, x-^ , s , the diameter sought 

Ex. S91. This question, of which the figure is as foOowi, 
is nothing more than having the three sides of a triatt|^ 
giTvn to find the radius of the circumscribing circle. 




Let, therefore, ABC be the giren triangle, of which 
AC^9SisHi, AB=30=6, CB=«0=c, and O the required 
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centre. From which the perpendiciilBr CD is readilj 
firand. 
For» by putting ADs=^ and DB=y» we baye 

Whence, x — y= — r — 
By addition, «= — -~r • 

And hence, CD=^/ | tf« -■ 43^ i'^T^'^" 

Again^ (Euclid Fi, c.) Diam. xCI>=;ACxCB, 
Whence, Diam. =^2l£^J5^~!?^ 7=30.2371 16 ; 

and, eonteqpieiitjly, OA, OB, or 0C=:15. 11855a, the dis- 
tance sought. 

Ex. 2S. Let ACB be the proposed semioirote, £CF Ae 
given equilateral triangle, whose area =rlOOr=:«, and whoee 
-fefpendioular CD, whioh is the mdius of the circle, is re- 
quired. 




F B 



Let OE, the side of t!be triangle, ^x ; then, ED=^;r, 
and CD=V(ar«-.i««)=s^«>/3. 

But DCxED=^a:Xita?^/3=:10Q, the area. 

400 

Whence, ia:V3=100, or ar=>/-^=20Vi- 

Consequently, ^a;^/3=10V3=ndi(u> 
and, therefore, $0 V^, the diameter. 
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Cx.'94. lfMe,1ilb fetftangfle of tiie peiyeiidioaitt' -and 
diameter of (He ^irouteseHbtof •civele of any 4ri&qgls >ii 
eqa^*to tko rectangle of the two sides from which the.per« 
peain^iilar is drawn. (Etic. ri. c.) 




Whence, the present question reduces to this, i. e. giren 
the perpendicnlat ^asp^ the radiusof (be inscribed ciPoleOG* 
OE, or OF=r, and the product of the two sides =^^p, to 
find the sides. 

Let, therefore/ the segnent AD=r+ar, andI>B=aJ— a?. 

Also, because AB X CD=(AB-|-BC+ AC)'XOG,%e hiVe 

y/{(z+xy+p^ ]XV\ («-*)'+p' I =2iijp, and 

[V )(«+«)'+!'» (+%/ )(^«)*+P^l]Xr=20P-.r)2;. 

Whence, squaring the latter equation, and substituting 
. for the double rectangle, we hare 



\ 



2«« +2x^+2p^ 4.4Rp=f^£i:^l!f!. 

Or x*=z ^^^^^ z8— z8-ya— 2Rp 
or, by putting V'^.V ;— ir±:iii,"und j>»+ili|fei 

Also, squaring the first equation, and multiplying. 



, 
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In which, suhttttutiiig for x^ the ndne fbuul aibore» m 

hare (««-Hi««+»)«+2p« («*+«»*-»)=*» V^-i^* 

That 18, ;r«(t— »n)«+2n(l— «i>«+2l>*0+«)«'+**-^ 
2p'i»=4a'|>'«-p* ; wMoh reduce to 

'+ — Tinsgi • * (ii:;;?'^ 

Where» hy re^tabfishins the value of n^ the Moood acM 
of the equation b^xxmet ^s^^ and there remains 

Or> by Babetitating for A and n their respectire rwhtB^ 

we na?e i»=^ ii ' Sr ' — 

Whence. 2,=^2^*5 



die base; firam triiich Che othet sides-may be d^ttmitted 



JSau 25. Let AfiC be the proposed triangle^ in whic^ 
AB»te, and CI>=:«. 

O 




Then, assuming AD=a4'^, and DB=a— x, or — ( 
we have AC=-/(2a«+2ifl»+««) 

BC= v' (^fl'* — «««+a:'^ ) 
And, by t^e question, 



t 
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I Let 9«*4-Saa;+^'=:tii, and ^^-^iasc+x* =ih 

Then, i»*+n*=24tf * 

I 

AsA, by sqiUffiBfir, m»-Hi*+2m^fi^=576aS 

Or 4w»n»=(676«»-^ii3— fi«)» 

Where, suhstitnting the abore rahiegef ei and % the 
equation leduoes to this ; viz. x=ay/-^y 

Whence, AD=(l+>/f )a, and DB=(1 -v^f )(l 

Whidi, being negatiye, shows that the perpendicukcr fa|(| 
liii die base produced. 

, Therefore, AC=tf^^+|^6) 

I And BC=e^(^-|^/6) 

And this, by extracting the roots, gives 

AC=«(2+i-v^6) 
BC=a(2--i-s/6) 
Which are the two sides required. 

SOLUTION TO SX. 24, PAGE 177. 

Let «'— 1, and y* — 1, be the two numbers sought; then 
each of them, when increased by miity, will be a square ; 
we have, therefore, onJy to make «*+sf* — l=D=e*, and 
«a— y*+l=D=ii«. From the first we gety«=«*— «» 
-f-1, and by adding the first and second, Sa;'=v'+o^. 
This last condition inil be satisfied by making a?=(r'«4~'' )^9 
v=(2ft— r»+#*)fi, and tt=(2rf+r*-^*)n. Then y*= 
^8— a?«— 1 wiU be =4n8rt(r«— #«)+!= Q. Assume its 
aide =2«im — 1 ; ttien 4n* rt(r* — ** )-|- 1 =4»* m* — 4ni9i-|- 1 », 

eia. 

and nrf(r* — #*)=mfi«— ei; hence fi=— = n— re 

where m, r, #, may be taken at pleasure. 

If r=:4, and « = 3, then n= ^8_^^ =— 3, (if m be 

talwi =9,) hence x=n(r*+**)= — 75, y=:2rifi*— 1=— 56, 
jp3 ^1=5624, and y' ^1=3024, the answer in the bosir^ 

t 



^. 



